A CLASSIFICATION OF ARTIN-SCHREIER DEFECT 
EXTENSIONS AND CHARACTERIZATIONS OF 
DEFECTLESS FIELDS 

FRANZ- VIKTOR KUHLMANN 

Abstract. We classify Artin-Schreier extensions of valued fields 
with non-trivial defect according to whether they are connected 
with purely inseparable extensions with non-trivial defect, or not. 
We use this classification to show that in positive characteristic, a 
valued field is algebraically complete if and only if it has no proper 
immediate algebraic extension and every finite purely insepara- 
ble extension is defectless. This result is an important tool for 
the construction of algebraically complete fields. We also consider 
extremal fields {— fields for which the values of the elements in 
the images of arbitrary polynomials always assume a maximum). 
We characterize inseparably defectless, algebraically maximal and 
separable-algebraically maximal fields in terms of extremality, re- 
stricted to certain classes of polynomials. We give a second charac- 
terization of algebraically complete fields, in terms of their comple- 
tion. Finally, a variety of examples for Artin-Schreier extensions 
of valued fields with non-trivial defect is presented. 



1. Introduction 

In this paper, we consider fields K equipped with (KruU) valuations 
V. The value group of {K, v) will be denoted by vK, and its residue field 
by Kv. The value of an element a is denoted by va, and its residue by 
av. We will frequently drop the valuation v and talk of as a valued 
field if the context is clear. By {L\K, v) we mean an extension of valued 
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fields where f is a valuation on L and its subfield K is endowed with 
the restriction of v. The extension {L\K,v) is called immediate if 
(vL : vK) = 1 and [Lv : Kv] = 1. 

Assume that {L\K,v) is a finite extension and the extension of v 
from K to L is unique. Then the Lemma of Ostrowski tells us that 

(1.1) [L: K] = {vL : vK) ■ [Lv : Kv] ■ with z/ > 

where p is the characteristic exponent of Kv, that is, p = char Kv 
if this is positive, and p = 1 otherwise. The factor d{L\K) := p'^ is 
called the defect of the extension {L\K,v). If > 0, then we talk of a 
non-trivial defect and call {L\K,v) a defect extension. Otherwise, 
we call {L\K,v) a defectless extension, li [L : K] = p then {L\K,v) 
is a defect extension if and only if it is immediate. A possibly infinite 
algebraic extension is called defectless if all of its finite subextensions 
are defectless; in view of Lemma 12.11 in Section 12. H this agrees with 
the definition for finite extensions. 

Every finite extension L of a valued field {K, v) satisfies the funda- 
mental inequality (cf. [En], [Z S]): 



where n = [L : K] is the degree of the extension, vi, . . . ,Vg are the 
distinct extensions of v from K to L, Cj = {viL : vK) are the respective 
ramification indices and fj = [Lvi : Kv] are the respective inertia 
degrees. If g = 1 for every finite extension L\K then {K,v) is called 
henselian. This holds if and only if {K, v) satisfies Hensel's Lemma, 
that is, if / is a polynomial with coefficients in the valuation ring O 
of {K,v) and there is b E O such that vf{b) > and vf'{h) = 0, then 
there is a e C such that /(a) = and v{b — a) > 0. 

Every valued field [K, v) has a minimal separable-algebraic extension 
which is henselian; it is unique up to isomorphism over K. We call it the 
henselization of {K, v) and denote it by {K, v)^. It is an immediate 
extension of {K,v). 

We call a (not necessarily henselian) valued field {K, v) a defectless 
field, separably defectless field or inseparably defectless field if 
equality holds in the fundamental inequality (11. 2p for every finite, finite 
separable or finite purely inseparable extension L of K. One can trace 
this back to the case of unique extensions of the valuation, respectively; 
for the proof of the following theorem, see [Ku9] (a partial proof was 
already given in [En]): 



g 



(1.2) 
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Theorem 1.1. A valued field {K,v) is a defectless field if and only if 
its henselization {K^v)^ is (that is, if and only if every finite extension 
of {K,v)^ is a defectless extension). The same holds for "separably 
defectless field" and "inseparably defectless field" in the place of "de- 
fectless field". 

A valued field is called algebraically complete if it is henselian 
and defectless. 

For various reasons (e.g., local uniformization in positive character- 
istic [Kn-Kul], [Kn-Ku2], model theory of valued fields [Ku6]) it is 
necessary to study the structure of defect extensions. A ramification 
theoretic method that was used frequently by S. Abhyankar and that is 
also employed in [Ku4] is to consider the part of an extension {L\K, v) 
that "lies above" its ramification field. We can reformulate this in the 
following way. We let denote the absolute ramification field of 
K, i.e., the ramification field of the extension K^'^^\K with respect to a 
fixed extension of v to the separable-algebraic closure K^'^^ of K. Then 
we consider the extension L.K'''\K'''. This extension has the same defect 
as L\K (cf. Proposition l2.8l below). On the other hand, the Galois group 
of K^'^^\K^ is a pro-p-group (cf. [En] or [N]). Consequently, L.K^\K^ is 
a tower of normal extensions Li\L2 of degree p (cf. Lemma [2.91 in Sec- 
tion [2]T]). If our fields have characteristic p and if Li\L2 is separable, 
then it is an Artin-Schreier extension, that is, it is generated by a 
root of a. polynomial of the form — X — a with a G L2 (see, e.g., 
[L]); in this case, "i? is called an Artin-Schreier generator of Li\L2. 
Such extensions are always normal and hence Galois since the other 
roots of X^ — X — a are + 1, . . . ,1!} + p — 1. This follows from the 
fact that 0, 1, ... ,p — 1 are all roots of the Artin-Schreier polynomial 
p{X) = X^ — X and that this polynomial is additive. A polynomial 
/ G K[X] is called additive if f{b + c) = f{b) + f{c) for all 6, c in 
every extension field of K (cf. [L], [Ku3]). 

Also in the mixed characteristic case where char Li = and char Liv = 
p, we will call Li\L2 an Artin-Schreier extension with Artin-Schreier 
generator if [Li : L2] = p, Li = L2{^) and — -i? G L2. 

Because of the representative role of Artin-Schreier extensions that 
we just pointed out, it is interesting to know more about their struc- 
ture, in particular when they have non-trivial defect. In this paper, we 
will classify Artin-Schreier defect extensions according to the question 
whether they are in some sense similar to immediate purely inseparable 
extensions. Then we study the relation between the two different types 
of extensions in our classification. In Section 14.61 we will give several 
examples of Artin-Schreier defect extensions of both types. 
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The defect is a bad phenomenon as it destroys the tight connection 
between valued fields and their invariants, value group and residue field. 
Therefore, it is desirable to work with defectless fields. As the notion 
of "defectless field" plays an important role in several applications, it 
is helpful to have equivalent characterizations. For instance, when it 
comes to constructing defectless fields, one would like to have criteria 
that could (more or less) easily be checked. Our results on Artin- 
Schreier defect extensions will enable us to break down the property 
"defectless field" into weaker maximality properties of valued fields. 

A valued field {K, v) is called algebraically maximal if it has no 
proper immediate algebraic extensions, and separable-algebraically 
maximal if it has no proper immediate separable-algebraic extensions. 
Note that a separable-algebraically maximal valued field is henselian, 
because the henselization is an immediate separable-algebraic exten- 
sion. In Section 14. 5[ we will prove the following useful characterization 
of the property "defectless field" : 

Theorem 1.2. A valued field of positive characteristic is henselian 
and defectless if and only if it is separable-algebraically maximal and 
inseparably defectless. 

This characterization has been applied in [Kul] to construct a valued 
field extension of the field Fp((t)) of formal Laurent series over the 
field with p elements which is henselian defectless with value group a 
Z-group and residue field Fp but does not satisfy a certain elementary 
sentence (involving additive polynomials) that holds in Fp((t)). This 
example shows that the axiom system "henselian defectless valued field 
of characteristic p with value group a Z-group and residue field Fp" is 
not complete. Whenever one wants to construct a henselian defect- 
less field, the problem is to get it to be defectless. It is easy to make 
it henselian (just go to the henselization) or even algebraically max- 
imal (just go to a maximal immediate algebraic extension). But the 
latter does not imply that the field is defectless, as an example given 
by F. Delon [Dl] shows (see also [Ku5]). However, in the case of fi- 
nite p-degree, Delon also gave a handy characterization of inseparably 
defectless valued fields, see Theorem 13. 5[ (Recall that d is called the 
j9-degree, or Ershov invariant, or degree of imperfection, of K 
if [K : K^] = p'^.) Together with the above theorem, this provides a 
handy characterization of henselian defectless fields of characteristic p 
in the case of finite p-degree. 
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Take a valued field {K, v) with valuation ring O. If / is a polynomial 
in n variables with coefficients in K, then we will say that {K, v) is K- 
extremal with respect to / if the set 

(1.3) vimxif) ■■= {vf{ai,...,an)\ai,...,aneK} C U {00} 

has a maximum, and we we will say that {K, v) is (9-extremal with 
respect to / if the set 

(1.4) vimoif) ■■= {f/(ai, . . . ,a„) I ai, . . . ,a„ G O} C vK U {00} 
has a maximum. The former means that 

3Fi, . . . ,F„VXi, . . . ,X„ : vf{X,, . . . ,X„) < vf{Y,, . . . , F„) 

holds in {K,v). For the latter, one has to build into the sentence 
the condition that the Xj and Yj only run over elements of O. It 
follows that being i^-extremal or (9-extremal with respect to / is an 
elementary property in the language of valued fields with parameters 
from K. Note that in the first case the maximum is 00 if and only if / 
admits a zero in K"", in the second case, this zero has to lie in O". A 
valued field {K, v) is called extremal if for all n G N, it is O-extremal 
with respect to every polynomial f inn variables with coefficients in K. 
This property can be expressed by a countable scheme of elementary 
sentences (quantifying over the coefficients of all possible polynomials 
of degree at most n in at most n variables). Hence, it is elementary in 
the language of valued fields. 

If we would have chosen K-extremality for the definition of "ex- 
tremal valued field" (as Yu. Ershov in [Er2]), then we would have ob- 
tained precisely the class of algebraically closed valued fields. Using 
0-extremality instead yields a much more interesting class of valued 
fields. See [A-Ku-Pop] for details. 

The properties "algebraically maximal", "separable-algebraically 
maximal" and "inseparably defectless" are each equivalent to K- or 
O-extremality restricted to certain (elementarily definable) classes of 
polynomials. A polynomial is called a p-polynomial if it is of the form 
A{X) + c where A{X) is an additive polynomial and c is a constant. 
We say that a basis 61, . . . , 6„ of a valued field extension {L\K, v) is a 
valuation basis if for all choices of ci, ... ,Cn E K, 

n 

V y Cibi = min vCibi . 

i=l 

In Section [31 we prove: 
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Theorem 1.3. A valued field K of positive characteristic is insepa- 
rably defectless if and only if it is K- extremal with respect to every 
p-polynomial of the form 



with n G N, b,bi, . . . ,bn G K such that 61, . . . , 6„ form a basis of a 
finite extension of (inside of K). If the value group vK of K 
is divisible or a Z-group, then K is inseparably defectless if and only 
if it is O -extremal with respect to every p-polynomial M.5\) with n G 
N, b,bi, . . . ,bn G O such that 61, . . . , 6„ form a valuation basis of a 
finite defectless extension of and vbi, . . . , vbn are smaller than every 
positive element ofvK. 

In Section I6.H we prove: 

Theorem 1.4. A valued field K is algebraically maximal if and only if 
it is O- extremal with respect to every polynomial in one variable with 
coefficients in K. 

Theorem 1.5. A henselian valued field K of positive characteristic 
is algebraically maximal if and only if it is O-extremal with respect to 
every p-polynomial in one variable with coefficients in K . 

In Section 16. 2[ we prove: 

Theorem 1.6. A valued field K is separable-algebraically maximal if 
and only if it is O-extremal with respect to every separable polynomial 
in one variable with coefficients in K . 

Theorem 1.7. A henselian valued field K of positive characteristic 
is separable-algebraically maximal if and only if it is O-extremal with 
respect to every separable p-polynomial in one variable with coefficients 
in K . 

Theorem 1.8. In Theorems \1.4\ n~5[ li.6] and \1.7\ "O-extremal" can 
be replaced by "K-extremal" . 

Theorems 11.41 and 11.61 in the "i^'-extremal" version were presented by 
Delon in [Dl], but the proofs had gaps in both directions. 

In [A-Ku-Pop], we prove: 



n 





Theorem 1.9. Every extremal field is henselian and defectless. Every 
finite extension of an extremal field is again extremal. 
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These results were proved by Yu. Ershov in [Er2] for "i^-extremal" 
in the place of "O-extremal" . But in this case they are trivial conse- 
quences of the fact that every i^-extremal valued field is algebraically 
closed (cf. [A-Ku-Pop]). 

We also obtain that the properties "algebraically maximal" , "separ- 
able-algebraically maximal" and "inseparably defectless" are elemen- 
tary in the language of valued fields, see Corollary 16.51 Corollary 16.91 
and Corollary 13.41 By Theorem 11.21 this fact provides an easy proof of 
the following result, which was proved by Ershov [Erl], and indepen- 
dently by Delon [Dl], by different methods: 

Theorem 1.10. The property "henselian and defectless valued field of 
characteristic p > 0" is elementary in the language of valued fields. 

In Section [5l we will give another characterization of henselian de- 
fectless fields, in terms of their completion (Theorem 15. ip . We will 
also show that a henselian field of positive characteristic is separably 
defectless if and only if its completion is defectless (Theorem 15. 2p . 

A field of positive characteristic is called Artin-Schreier closed if 
it admits no non-trivial Artin-Schreier extensions. In Section 14.31 we 
will prove: 

Theorem 1.11. Every Artin-Schreier closed non-trivially valued field 
lies dense in its perfect hull, and its completion is perfect. In particular, 
every separable- algebraically closed non-trivially valued field lies dense 
in its algebraic closure. 

The second part of this theorem is well known (cf. [W], Theorem 30.28). 

Several of the results of this paper, and in particular Theorem 11.21 
have been inspired by the work presented in Francoise Delon's thesis 
[Dl]. 

2. Preliminaries 

For the basic facts of valuation theory, we refer the reader to [En], 
[Ri], [W] and [Z-S]. For ramification theory, we recommend [En] and 
[N]. In parts of this paper we will assume some familiarity with the 
theory of pseudo Cauchy sequences as presented in the first half of 
[Ka]. Note that our "pseudo Cauchy sequence" is what Kaplansky 
calls "pseudo convergent set". 

The algebraic closure of a field K will be denoted by K. Note that if 
f is a valuation on K, then any possible extension of u to has residue 
field Kv and value group vK, the divisible hull of vK (isomorphic to 
Q(g)vK). 
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2.1. Defectless extensions, defect and immediate extensions. 

The defect is multiplicative in the following sense. Let L\K and M\L 
be finite extensions. Assume that the extension of v from i^" to M is 
unique. Then the defect satisfies the following product formula 



which is a consequence of the multiplicativity of the degree of field 
extensions and of ramification index and inertia degree. This formula 
implies: 

Lemma 2.1. M\K is defectless if and only if M\L and L\K are de- 
fectless. 

Together with Theorem II. this lemma yields: 

Corollary 2.2. If{K,v) is a defectless field and L is a finite extension 
of K , then L is also a defectless field with respect to every extension 
of V from K to L. Conversely, if there exists a finite extension L 
of K for which equality holds in the fundamental inequality U.S\) and 
such that L is a defectless field with respect to every extension of v 
from K to L, then {K, v) is a defectless field. The same holds for 
"separably defectless" in the place of "defectless" if L\K is separable, 
and for "inseparably defectless" if L\K is purely inseparable. 

Recall that an infinite algebraic extension {L\K,v) with unique ex- 
tension of the valuation is called defectless if every finite subextension 
is defectless. This definition is compatible with the definition of "de- 
fectless" for finite extensions as given in the introduction, because by 
Lemma 12.11 every subextension of a finite defectless extension is again 
defectless. We have: 

Lemma 2.3. Let L\K and L'\L be (not necessarily finite) extensions 
of valued fields such that the extension of v from K to L' is unique. If 
both L\K and L'\L are defectless, then so is L'\K . 

Proof. Let -F I be any finite subextension of L' I i^'. Since L'|L is defect- 
less, so is its finite subextension F.L\L. Hence, [F.L : L] = {y{F.L) : 
vL)[{F.L)v : Lv]. Pick a set oi, . . . , of generators of vF.L over t>L, 
and a basis Ci, • • • , of {F.L)v\Lv. Choose a finite subextension Lq\K 
oi L\K such that 



[F.Lo : Lo] = [F.L : L] , ai, . . . , G v{F.Lq) , Ci, • • • , e {F.Lq)v . 
Then (w(F.Lo) : vL^) > {v{F.L) : vL), [{F.Lo)v : Lqv] > [{F.L)v : Lv], 



(2.1) 



d(M : K) = d(M : L) ■ d(L : K) 



and 



[F.L : L] 



= [F.Lo : Lo] > {v{F.Lo) : vLo)[{F.Lo)v : Lqv] 
> {v{F.L) : vL)[{F.L)v : Lv] = [F.L : L] , 
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where the first inequahty follows from f ll.ip . Hence, equality must 
hold everywhere, and we obtain that F.Lq\Lq is defectless. Since L\K 
is assumed to be defectless, also Lq\K is defectless. By Lemma 12.11 
it follows that F.Lq\K is defectless. Again by Lemma 12. also the 
subextension Fli^ is defectless. This proves that is defectless. □ 

Let {K, v) be any valued field. A valuation w on K is a coarsening 
of V if its valuation ring contains the valuation ring (9^ of v. Note 
that we do not exclude the case of w = v. If if is a convex subgroup of 
vK, then it gives rise to a coarsening w through the definition (9^ : = 
{x E K \ 3a E H : a < vx}. Then v induces a valuation w on Kw 
through the definition := {xw \ x G O^}, and there are canonical 
isomorphisms wK ~ vK/H and w{Kw) ~ H. If {K,w) is any valued 
field and if w' is any valuation on the residue field Kw, then w o w', 
called the composition of w and w', will denote the valuation whose 
valuation ring is the subring of the valuation ring of w consisting of 
all elements whose tu-residue lies in the valuation ring of w'. (Note 
that we identify equivalent valuations.) In our above situation, v is 
the composition of w and w. While wow' does actually not mean the 
composition of w and w' as mappings, this notation is used because in 
fact, up to equivalence the place associated with w o w' is indeed the 
composition of the places associated with w and w'. 

Lemma 2.4. Take a hens elian field {K,v), a finite extension {L\K,v) 
and a coarsening w of v on L. Then also {K,w) is henselian. If 
{L\K,v) is defectless, then also {L\K,w) is defectless. 

Proof. If there are two distinct extensions Wi and W2 of w from K to 
K, and if we take any extension of w to the algebraic closure Kw = 
Kwi = Kw2 of Kw, then the compositions Wi o w and W2 o w will 
be distinct extensions of v to K. This shows that {K, v) cannot be 
henselian if {K,w) isn't. 

Now assume that {L\K,v) is defectless, that is, [L : K] = {vL : vK) ■ 
[Lv : Kv\. We have that {vL : vK) = {wL : wK){w[Lw) : w{Kw)), 
{Lw)w = Lv and {Kw)w = Kv. Therefore, 

[L:K] > {wL:wK)[Lw : Kw] 

> {wL : wK){w{Lw) : w{Kw))[{Lw)w : {Kw)w] 
= {vL : vK)[Lv : Kv] = [L : K] . 

This shows that equality holds everywhere, which proves that {L\K, w) 
is defectless. □ 

In the next lemma, the relation between immediate and defectless 
extensions is studied. 
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Lemma 2.5. Let K be a valued field and F\K an arbitrary immediate 
eoctension. If L\K is a finite defectless eoctension admitting a unique 
eoctension of the valuation, then the same holds for F.L\F, and F.L\L 
is immediate. Moreover, 

[F.L :F]^[L:K], 
i.e., F is linearly disjoint from L over K. 

Proof. v{F.L) contains vL and {F.L)v contains Lv. On the other hand, 
we have vF = vK and Fv = Kv by hypothesis. Therefore, 

[F.L : F] > {v{F.L) : vF) ■ [{F.L)v : Fv] 

> {vL : vK) ■ [Lv : Kv] = [L : K] > [F.L : F] , 

hence equahty holds everywhere. This shows that [F.L : F] = [L : K] 
and that F.L\F is dcfcctlcss. Furthermore it follows that v{F.L) = vL 
and {F.L)v — Lv, i.e., F.L\L is immediate. □ 

As an immediate consequence we get: 

Corollary 2.6. // K is an inseparably defectless field then every im- 
mediate extension is separable. If K is a henselian defectless field then 
every immediate eoctension is regular. 

Let {K, v) be a henselian field and p the characteristic exponent of 
its residue field Kv. An algebraic extension {L\K,v) is called a tame 
extension if for every finite subextension {Lq\K, v), the following con- 
ditions hold: 

1) p is prime to {vLq : vK), 

2) Lqv\Kv is separable, 

3) {Lq\K,v) is defectless. 

On the other hand, an algebraic extension {L\K,v) is called a purely 
wild extension if 

1) vL/vK is a. p-group, 

2) Lv\Kv is purely inseparable. 

If p = 1, that is, char Kv — 0, then every algebraic extension of a 
henselian field is tame, and only the trivial extension is purely wild. 

By Proposition 4.1 of [Ku-P-Ro], the absolute ramification field K^ 
of K is the unique maximal tame algebraic extension of K; it is a 
normal separable extension of K. By Lemma 4.2 of [Ku-P-Ro], an 
algebraic extension L\K is purely wild if and only if it is linearly disjoint 
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from K^\K. From these facts it follows that K^v is the separable- 
algebraic closure of Kv and vK^ is the p-prime divisible hull of vK: 

(2.2) vK' = I J - Z and K'~v = (Kv^p . 

nGN\pN 

We will now consider the behaviour of the defect when a finite exten- 
sion L\K of a. henselian field K is shifted up through a tame extension 
A^li^'. We need the following information on K^: 

Lemma 2.7. Let {K,v) be an arbitrary valued field and p the char- 
acteristic exponent of Kv. Take an algebraic extension L\K. Then 
U = L.K^ ; hence if L G , then U = . The separable-algebraic 
closure K^'^^ is a p -extension of K'' . 

Proof. For separable extensions, the first assertion follows from [En], 
page 166, (20.15) b) (where we put = K^'^^ since we define to be 
the ramification field of the separable extension K^'^'^\K). Since every 
algebraic extension can be viewed as a purely inseparable extension 
of a separable extension, it remains to show the first assertion for a 
purely inseparable extension L\K. Here, it follows from the fact that 
Ga^i^') = Gal(L) and that by this isomorphism, the Galois group of 
an intermediate field K' of K^^^\K is isomorphic to the Galois group 
of the intermediate field L.K' of L^^^\L. The second assertion follows 
from [En], p. 167, Theorem (20.18). □ 

The next proposition shows the invariance of the defect under lifting 
up through tame extensions. 

Proposition 2.8. Let K be a henselian field and N an arbitrary tame 
algebraic extension of K . If L\K is a finite extension, then 

d{L\K) = d{L.N\N) . 

In particular, L\K is defectless if and only if L.N\N is defectless. This 
implies: K is a defectless field if and only if N is a defectless field, and 
the same holds for "separably defectless" and "inseparably defectless" 
in the place of "defectless" . 

Proof. Since A^'' = , it suffices to prove our lemma for the case of 
N = K^, because then we obtain 

d{L\K) = d{L.K'^\K'') = diL.N'lN"^) = d{{L.N).N'^\N'^) = d{L.N\N) 
for general N. 

We put Lo := L n K^. We have L.K"- = W and = iT^ by 
Lemma [2.71 Since K'^\K is normal, L is linearly disjoint from K"^ = Lq 
over Lq , and L\Lq is thus a purely wild extension. 
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As a finite subextension of tlie tame extension K'^\K, Lq\K is de- 
fectless. Hence by tfie multiplicativity of tfie defect (12.11) . 

(2.3) d{L\K) = d(L|Lo) . 

It remains to show d(L|Lo) = d{L.K'^\K'^). Since L\Lq is linearly 
disjoint from K'''\Lq , we have 

(2.4) [U : i^T = [L.K' : K''] = [L : Lq] . 

Since L\Lo is purely wild, vL/vLq is a p-group and Lv\Lov is purely 
inseparable. On the other hand, 

vU is the p-prime divisible hull of vL and Uv = {LvY^^, 
vLq is the p-prime divisible hull of vLq and L^v = {Lovy^^. 

It follows that 

(2.5) {vL' : vLl) = {vL : vLq) and [Uv : L^v] = [Lv : Lqv] . 
From dOD, dZlD and ([23]), keeping in mind that L.K'' = U' and 



Lq = K'^, we deduce 



d(L.ir'-|^') = diL'\L. 



[u : l: 



[L : Lo] 



d(L|Lo) = d{L\K) . 



{vL : vLq) ■ [Lv : Lqv] 

It now remains to show the second assertion of our proposition. As- 
sume that is a defectless field and let L\K be an arbitrary finite 
extension. Then by hypothesis, L.A^|A^ is defectless; hence by what we 
have shown, L\K is defectless. Since L\K was arbitrary, K is shown to 
be a defectless field. Note that L.N\N is separable if L\K is separable, 
and L.A^|A^ is purely inseparable if L\K is. 

Conversely, assume that A' is a defectless field. Since any finite 
extension A^'|A^ is contained in an extension L.A^|A^ where L\K is a 
finite and, by hypothesis, defectless extension, we see that by what we 
have shown, L.A^|A^ and by virtue of Lemma [2. II also its subextension 
A^'|A^ are defectless. Note that L\K can be chosen to be separable 
if A^'|A^ is separable, and to be purely inseparable if A^'|A^ is purely 
inseparable. This completes the proof of our lemma. □ 

Lemma 2.9. For every finite extension L\K , the extension L.K'^\K^ 
is a tower of normal extensions of degree p. For every finite extension 
L\K , there is already a finite tame extension N of such that L.N\N 
is such a tower. 

Proof. We know from Lemma [2.71 that A''^'^p|A''' is a p-extension, that 
is. Gal A''^'^P|A'^ is a pro-p-group. For pro-p-groups G, the following is 
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well known: for every open subgroup H C G there exists a chain of 
open subgroups H = Hq C Hi C . . . C Hn = G such that Hi_i < Hi 
and {Hi : Hi_i) = p for i = 1, . . . ,n. Hence by Galois correspondence, 
every finite separable extension of is a tower of Galois extensions of 
degree p. Since every finite purely inseparable extension is a tower of 
purely inseparable extensions of degree p, this proves our first assertion. 

We take N to be generated over by all the finitely many elements 
of that are needed to define the extensions in the tower L.K^\K^. 

□ 

Corollary 2.10. A valued field {K, v) is henselian and defectless if and 
only if all of its finite defectless extensions are algebraically maximal. 

Proof. Suppose that {K, v) is henselian and defectless and (L, v) is a 
finite extension. Then (L, v) is henselian, and by Corollary 12.21 it is 
also defectless. 

Suppose now that all finite extensions of {K, v) are algebraically max- 
imal. Then (i^, v) itself is algebraically maximal and hence henselian. 
Take any finite extension {L\K., v); we wish to show that it is defectless. 
Take a finite tame extension N\K as in the preceding lemma. Let Li\L2 
be any extension of degree p in the tower L.A^|A^ such that {L2\N,v) 
is defectless. Since the finite tame extension {N\K,v) is defectless, we 
know by Lemma flTU that the finite extension {L2\K, v) is defectless. So 
by our hypothesis, {L2,v) is algebraically maximal. Thus, {Li\L2,v) is 
not immediate and hence it is defectless. By induction over the exten- 
sions in the tower, together with repeated applications of Lemma 12. ![ 
this shows that {L.N\N,v) is defectless. From Proposition 12.81 it now 
follows that {L\K,v) is defectless. □ 

2.2. Immediate extensions and pseudo Cauchy sequences. 

Lemma 2.11. Take an algebraic extension {K{a)\K,v) and let f G 
K[X] be the minimal polynomial of a over K. Suppose that {ci,)^^x is 
a pseudo Cauchy sequence in K without limit in K , having a as a limit 
in L. Then {cy)y<^\ is of algebraic type, and for some fi < X, the values 
{vf{cu))^<u<x are strictly increasing. If in addition, the extension of 
V from K to K{a) is unique, then the sequence of values is cofinal in 
f imx(/); and in particular, vimxif) has no maximal element. 

Proof. Write f{X) = YYi=ii-^ ~ ^i) with a = ai and Oj G K. Since a 
is a limit of {ci,)u<\ we have that v{a — Cy) = f (c^+i — Cy) is strictly 
increasing with u. The same holds for in the place of a if is also 
a limit of {cy)u<x ■ If it is not, then by Lemma 3 of [Ka] there is some 
[li < X such that v{a — ai) < v{a — c^J. For /ij < z/ < A we have that 
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v{a — Cj^.) < v{a — Ciy), which by the ultrametric triangle law yields 
v{ai — Cy) — min{i>(a — ai),v{a — Cj,)} = v{a — Cj), which does not 
depend on u. So if we take // to be the maximum of all these //j , then 
for // < < A, the value 



n 



vf{cy) = vY[{cu-ai) = y^^(c^ - g^) 

i=l i=l 

is strictly increasing with u. Consequently, (c,^)j.<a is of algebraic type. 

Now assume in addition that the extension of v from K to K{a) is 
unique. Thus for all a e Aut {K\K), the valuations v and v o a agree 
on K{a). Choosing a such that aa = Ui , we find that 

f (cj — c) = v{(7a — c) = ^17(0 — c) = ^(a — c) 

for all c & K. So we obtain that 

n 

vf{c) — '^^v{c — ai) — nv{a — c) . 

i=l 

Suppose that there is some c & K such that 

nv{a — c) = vf{c) > vf{c^) = nv{a — c^) 

for all u. This implies that f (a— c) > v{a—Ci,) which by Lemma 3 of [Ka] 
means that c G -ft' is a limit of (Cj,),^<a, contradicting our hypothesis. 
This proves that the sequence {v f {ci,)) ^j^^y^x is cofinal in vrniK^f)- 
Since it has no last element, it follows that i'imi^(/) has no maximal 
element. □ 

Corollciry 2.12. If K admits a proper immediate algebraic extension, 
then there is a pseudo Cauchy sequence of algebraic type in K without 
a limit in K. 

Proof. Suppose that K admits a proper immediate algebraic extension 
L\K, and pick a G L\K. Then by Theorem 1 of [Ka], there is a pseudo 
Cauchy sequence in K without a limit in K, but having a as a limit. 
By the foregoing lemma, this pseudo Cauchy sequence is of algebraic 
type. □ 

2.3. Cuts and distances. Take any totally ordered set {S, <). A cut 
A in 5" is a pair of sets (A'", A^), where: 

a) A^ is an initial segment of S, i.e., if a G A'" and ^ < a, then 

/3GAL, 

b) A^ U A^ = 5 and A^ n A^ = (or equivalently, h^ = S\h^). 

Note that then, A^ is a final segment of S, i.e., if a G A^ and /3 > a, 
then ^ G A^. 
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If Ai and A2 are cuts in S, then we will write Ai < A2 if A\ ^ Ag, 
and Ai = A2 if A^ = A2. But we also want to compare two cuts Ai 
and A2 if A2 is a cut in a totally ordered set (T, <) and Ai is a cut in 
some subset S of T, endowed with the restriction of <. Here we have 
at least two canonical ways of comparison. What suits our purposes 
best is what could be called initial segment compctrison or just left 
compcirison. (We leave it to the reader to figure out the analogous 
definition for the final segment comparison and to show that this leads 
to different results.) For every cut A in S, we define A'" T to be the 
least initial segment of T containing A'" , that is, A^ T is the unique 
initial segment of T in which A^ forms a cofinal subset. Then we set 

A IT := (A^t^, ^\(A^t^)) • 

Observe that A 1-^ A T is an order preserving embedding of the set 
of cuts of S in the set of cuts in T. Now we can write Ai < A2 if 
Ai t r < A2, Ai = A2 if Ai t r = A2, and Ai > A2 if Ai t ^ > A2 . 
That is, Ai < A2 if A^ is contained but not cofinal in A2 , and Ai = A2 

if A^ is a cofinal subset of Ag . 

We can embed S in the set of all cuts of S by sending s e 5* to the 

cut 

s+ := {{te S \ t<s}, {te S \ t> s}) . 

We identify s with s+. Then for any cut A, we have s < A if and only 
if s G A^, and equality holds if and only if s is the maximal element of 
A^. We also define 

s- := {{t e S \ t < s} , {t e S \ t> s}) . 

For any subset M C 5", we let M+ denote the cut 

M+ = {{s e S \ 3m e M : s < m} , {s e S \ s > M}) . 

That is, if M"*" = (A^,A^) then A^ is the least initial segment of S 
which contains M, and A^ is the largest final segment which does not 
meet M. If M = then A^ = and A^ = M, and if M = 5", then 
— M and A^ = 0. Symmetrically, we set 

M- = {{s e S \ s < M} , {s e S \ 3m e M : s>m}) . 

Take two cuts Ai = (A^,Af) and A2 = (A^,A^) in some ordered 
abclian group. We let Ai + A2 be the cut (A^, A^) defined by A^ := 
A^ + ^2 (note that the sum of two initial segments is always an initial 
segment). This is called the left sum of two cuts; the right sum 
is defined by setting A^ := Af + A^. In general, left and right sum 
are not equal. For instance, the left sum of 0~ and 0"*" is 0~, and the 
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right sum is 0"*". In this paper, we will only use the left sum, without 
mentioning this any further. 

We call a cut A idempotent if A + A = A. Lemma [2. 141 below will 
show that in a divisible ordered abelian group, idempotency of a cut 
does not depend on whether we take left or right sums. 

We leave the easy proof of the following observation to the reader: 

Lemma 2.13. If G' D G is an extension of ordered abelian groups, 
then the operation '\ is an addition preserving embedding of the ordered 
set of cuts in G in the ordered set of cuts in G' . 

If 5 is a subset of an ordered abelian group G and n G N, we set 
n- S := {na \ a G S} and nS := {ai + ... + «„ | ai, . . . , a„ G S}. If A^ 
is an initial segment, then nA^ is again an initial segment, and n ■ A^ 
is cofinal in nA^. If in addition G is n-divisible, then n ■ A^ = nA^. 
Corresponding assertions hold for A^ in the place of A^. 

In every ordered abelian group, n ■ A^ and nA^ define the same cut 
nA := {n ■ A^)+ = {nA^)~^. Note that nA coincides with the ra-fold 
(left) sum of A. 

Lemma 2.14. Let A = (AL,A^) be a cut in some ordered abelian 
group r, and n > 1 a fixed natural number. The following assertions 
are equivalent: 

a) A is idempotent, 

b) A^ + A^ = A^, 

c) iA = A for every natural number i > 1, 

d) nA = A. 

If r is divisible, then these assertions are also equivalent to each of the 
following: 

e) A^ + A^ = A^, 
/; n-A^ = A^, 

g) n- A^ = A^, 

h) V« G r : a G A'^ -v^ na G AL, 

i) \/a eT : a e A^ 4^ na e A^, 

k) A = or A = H~ for some convex subgroup H ofV. 

Proof. The equivalence of a) and b) holds by definition, a) ^ c) is 
proved by induction on i. Further, c) ^ d) is trivial. We have that 
A < 2A < . . . < nA or A > 2A > . . . > nA, depending on whether 
G A^ or G A^. Thus, nA = A implies A = 2A = A + A; that is, d) 
implies a). 
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Now assume that T is divisible. Then a i— )■ na and a ^ -a are 

n 

order preserving isomorphisms. Therefore, f) and g) are equivalent. 

The equivalence of f) with d) holds since the divisibility implies that 
n ■ = nA^. Further, f) is equivalent to nA^ C A A'" C nA^, and 
this in turn is equivalent to nA'" C A^ A ^A'" C A^. This is equivalent 
to Va e r : a e A^ ^ na e A^ A a e A^ =^ -a e A^. But the latter 

n 

implication can be reformulated ets na E A^ ^ a e A^. This proves 
that f) and h) are equivalent. In the same way, the equivalence of g) 
with i) is proved. 

As for a'", divisibility also implies that n ■ A^ = nA^. Taking n = 2 
in what we have already proved, we see that e) is equivalent to the 
n = 2 case of g) , and hence to a) . 

Finally, it remains to show the equivalence of k) with the other con- 
ditions. Set 

H := {±a I < a e A^} U {±a | > a e A^} . 

Note that exactly one of the two sets is empty, depending on whether 
G A^ or G A^. It is easy to see that A = iJ+ if G A^ and A = H~ 
if G A^. Hence, it suffices to prove that is a convex subgroup if 
and only if A^ + A'" = A^. Observe that H is always convex and closed 
under a ^ —a. Hence, if is a convex subgroup if and only if it is 
closed under addition. In the case of G A^, this holds if and only 
if A^ + A^ = A'^, and in the case of G A^, this holds if and only 
if A^ + A^ = A^. But as we have already shown that b) and e) are 
equivalent, we see that k) is equivalent with b). □ 

In a non-divisible group, a condition like Vi G N : iA^ = A^ can only 
hold if A^ is empty, and condition a) is in general not equivalent to e), 
h), i), k): 

Example 2.15. Take F := Z x Q with the lexicographic ordering, and 
set 

A := {{{m,q) \ -1 > m e Z , q e Q} , {{m,q) \ < m e Z , q e Q}) . 

Then A satisfies e), h), i), and A = H~ for the convex subgroup H — 
{0} X Q of F. But A is not idempotent since 

A + A = 

{{{m,q) \ -2 > m e Z , q e Q} , {{m,q) \ -1 < m e Z , q e Q}) < A. 
On the other hand, the cut induced by A in the divisible hull F of F is 
At f = 

({(m, q)\ -l>meQ, qeQ}, {{m, q) \ -1< m e Q , q e Q}). 
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Since (— |, 0) is in the right cut set while 2(— i, 0) = (1, 0) is in the left 
cut set, this cannot be equal to or H~ for any convex subgroup H 
of f. 

Take any extension {L\K^v) of valued fields, and z & L. We define 
A^{z, K) := {v{z - c)\ce K and v{z - c) G vK] . 
Further, we set h^{z, K) := vK \ A^{z, K). 

Lemma 2.16. h^{z, K) is an initial segment ofvK. Thus, A^{z, K) = 
{a e vK \ Wc e K : v{z - c) < a}, and [a^^z, K) , A^{z, K)) = 
A^{z,K)^ is a cut in vK. 

Proof. Take a G A^{z, K) and (3 G vK such that (3 < a. Pick c,d ^ K 
such that v{z~c) = a and vd = (3. Then f3 = vd = mm{vd, v{z — c)} = 
v{z — c~d) gA^{z,K). This proves that A^{z,K) is an initial segment 
of vK. □ 

We have seen in Lemma [2. 141 that in a divisible ordered abelian group 
we have many nice characterizations of idempotent cuts; in particular, 
we are very interested in characterization k) which shows that idem- 
potent cuts correspond to upper or lower edges of convex subgroups. 
This is the reason for the following definition. Take an element z in 
any valued field extension {L,v) of {K,v). Then the distance of z 
from K is the cut 

dist {z,K) := {A^{z,K),A^{z,K))^i^ 
in the divisible hull vK of vK. 

Take two elements y,z in some valued field extension of {K,v). We 
define 

z -^K y 

to mean that v{z — y) > dist {z, K). Note that by our identification of 
the value v{z — y) with the cut v{z — y)~^, 

v{z — y) > dist (z, K) if and only if v{z — y) > A^{z, K) . 

Lemma 2.17. 

1) If z ~x y then v{z — c) = v{y — c) for all c & K such that v{z — c) G 
vK, whence A^{z, K) = A^{y, K) and dist (z, K) = dist {y, K). 

2) If A^{z,K) has no maximal element, then the following are equiv- 
alent: 

a) z y, 

b) v{z — c) = v{y — c) for all c E K such that v{z — c) G vK, 

c) v{z — y) > dist {z, K) . 
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Proof. 1): Assume that z U- If v{z — c) G vK, then v{z — c) G 
A^{z,K) and therefore, v{z—y) > v{z—c). Hence, v{y—c) = m.m{v{z— 
c),v{z - y)} = v{z - c). 

2): The imphcation a)=^b) follows from part 1). Now assume that b) 
holds, and take any c G such that v{z — c) G vK. Then because of 
v{z — c) = v{y — c), we obtain v{z — y) > min{t>(z — c),v{y — c)} = 
v{z — c). This shows that v{z — y) > dist (2;, K). We have proved that 
b) implies c). 

Since A}"{z,K) has no maximal element, v{z — c) cannot be the 
maximal element of I\^[z^K). Thus, v{z — y) > dist (2;, i^') implies 
v{z — y) > dist {z, K), which proves the implication c)=^a). □ 

Lemma 2.18. If {K,v) C {L,v) C {L{z),v), then 

(2.6) dist(z,L) > dist{z,K) . 

If holds, then there exists an element y & L such that z ~x y. 

Proof. Since K C L, we have that A^{z,K) C A^{z,L), whence (1^ . 
If " >" holds, then there exists an element y & L such that v{z — y) > 
A^{z,K),i.e., zr^KV- □ 

We define 

v{z — K) := {v{z — c) I c G K} = vimxiX — z) 

Note that 

A^{z,K) =v{z- K)nvK . 
Hence if vK{z) = vK, then A^{z, K) = v{z - K). 

Theorem 2.19. (cf. Theorem 1 of [Ka]) 

Let L he an immediate extension of K. Then for every element z & L\ 
K it follows that v{z — K) has no maximal element and that v{z — K) = 
A^{z,K). In particular, vz is not maximal in A^{z,K) and therefore, 
vz < dist (2, K) . 

Proof. Take z E L\K. Then 00 ^ v{z — K). If {L\K., v) is immediate, 
then vL = vK and therefore, v{z — K) = A^{z, K). Take any c E K. 
Then v{z — c) G vL = vK and thus there exists d E K such that 
vd{z — c) = 0. So d{z — c)v E Lv = Kv. Hence, there exists d' E K 
such that {d{z — c) — d')v = 0, which means that v{z — c — d'd~^) > 
—vd = v{z — c). Since c + d'd~^ G K and v{z — c — d'd^^) E vL = vK, 
this shows that v{z — c) was not the maximal element of v{z — K). This 
proves that v{z — K) has no maximal element. □ 



The following is a corollary to Lemma 12. IH 
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Corollary 2.20. If {K{z)\K,v) is an algebraic extension and {K,v) 
is algebraically maximal, then v{z — K) has a maximum. 

Proof. If v{z — K) has no maximum, then there is a sequence {cy)u<\ 
without last element (so A is a limit ordinal) and such that {v{z—Ci,))i,.^x 
is strictly increasing and cofinal m. v{z — K). The former implies that 
(c!/)v<A is a pseudo Cauchy sequence with limit. The latter 

implies that {cy)y<^x has no limit in K since by Lemma 3 of [Ka], any 
limit h satisfies v{z — b) > v{z — c^) for all < A. By Lemma 12.11^ 
{cu)u<\ is of algebraic type. Hence by Theorem 3 of [Ka], there is a 
non-trivial immediate algebraic extension of K, which shows that K 
cannot be algebraically maximal. □ 

Does the converse of Theorem 12.191 also hold, that is, if f (2; — K) 
has no maximal element, is then the extension {K{z)\K,v) immedi- 
ate? This is far from being true. Under certain additional conditions 
however, the converse holds: 

Lemma 2.21. Take an extension {K{z)\K,v) of valued fields of degree 
p = ch.ai{Kv) and such that the extension of v from K to K{z) is 
unique. 

1) Ifv{z — K) has no maximal element, then {K[z)\K,v) is immediate. 

2) If {K{y)\K.,v) is an immediate extension and if y z in some 
common valued extension field of K{z) and K{y), then [K{z)\K,v) is 
also an immediate extension. 

Proof. 1): Since the extension of v from K to K{z) is unique, we have 

p = [K{z) : K] = {vK{z) : vK)[K{z)v : Kv]p'' 

by fll.ip . Assume that {K{z)\K,v) is not immediate. Then {vK{z) : 
vK) = p OT [K{z)v : Kv] = p. If {vK{z) : vK) = p, then we can 
choose bi, . . . ,bp G K{z) such that the values vbi, . . . , vbp belong to 
distinct cosets modulo vK. If [K{z)v : Kv] = p, then we can choose 
bi,...,bp G K{z) such that vbi = ... = vbp = and the residues 
biv, . . . , bpV form a basis of K{z)v\Kv. In both cases, we obtain that 
bi,...,bp is a valuation basis of {K{z)\K,v). In the first case, given 
any Ci, . . . ,Cp & K, this follows from the ultrametric triangle law since 
all values vcibi , 1 < i < p, must be distinct. In the second case, we 
may assume w.l.o.g. (after suitable renumbering) that vci = miuj vci ; 
then vCi^Cibi > and we obtain 
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This yields v X]r=i cr^Q^i = and thus v Y7i=i ^i^i = "^^i = miiij vci = 
miiij vcibi . 

Without loss of generality, we can choose 61 = 1. We write z = 
XliLi Cj&i • For every c & K, we obtain 

v{z — c) = min{t>(ci — c), f C2, . . . , vCp} < min{t>C2, . . . , vCp} . 

The maximum value min{i;c2, . . . , vCp} is assumed for ci — c = 0. That 
is, v{z — Ci) is the maximum of v{z — K). 

2): Assume that {K{y)\K,v) is an immediate extension. Then by 
Theorem 12.191 v{y — K) = A^{y,K) has no maximal element. By 
Lemma [2]T71 z y implies that v{y — c) = v{z — c) for all c G -ft' such 
that v{y — c) G vK, that is, for all c E K. It follows that v{z — K) 
has no maximal element. Now part 1) shows that {K{z)\K,v) is an 
immediate extension. □ 

Lemma 2.22. Assume that {K,v) is henselian, that {K{z)\K,v) is 
an immediate extension, and that z y in- some common valued 
extension field of K{z) and K{y). Take a polynomial f G K[X] of 
degree smaller than p = char i^f . Then f{z) f{y)- 

Proof. Let / G K[X] be a polynomial of degree < p. Since {K{z)\K,v) 
is immediate and f{z) G K{z), we know from Theorem 12.191 that 
A^{f{z), K) has no maximal element. Hence by part 2) of Lemma [2. 171 
it suffices to show that v{f{z)—c) = v{f{y)—c) for all c E K. Since f—c 
is again of degree < p, we see that it suffices to show that vf{z) = vf{y) 
for all polynomials / of degree < p. 

Again by Theorem 12.191 we know that A^{z,K) has no maximal 
element. Since z y, part 1) of Lemma [2 . 1 71 shows that A^{z,K) = 
A^{y,K). As in the proof of Corollary 12.201 we find a pseudo Cauchy 
sequence {ci^)ij<\ in [K, v) that has both z and ?/ as a limit, but no limit 
in K. For every polynomial of degree < p, the value of the sequence 
{f{c^))u<x must eventually be fixed since otherwise. Theorem 3 of [Ka] 
would show the existence of an immediate extension of {K, v) of degree 
less than p. But since (if, v) is henselian, the Lemma of Ostrowski 
shows that this is impossible, since the defect must be a power of 
p. Now one shows like in the proof of Theorem 2 of [Ka] that both 
vf{z) and vf{y) are equal to the eventually fixed value of the sequence 

(/(C.)).<A. □ 

We will show that we can drop the condition that (if, v) be henselian 
if the element y is purely inseparable over K. To this end, we need the 
following result which is proved in [Ku7]: 
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Lemma 2.23. Let {K,v) be a valued field, its henselization w.r.t. 
a fixed extension of v to the algebraic closure K , and y & K . If 

dist (y, K^) > dist (y, K) , 

then y is not purely inseparable over K . 

Lemma 2.24. Assume that {K{z)\K,v) is an immediate extension 
and that z ~x y in some common valued extension field of K{z) and 
K{y). Suppose that y is purely inseparable over K . Take a polynomial 
f G K[X] of degree smaller than p = chai Kv. Then f{z) ~x f{y)- 

Proof. Since henselizations are immediate extensions and since K^{z) 
lies in the henselization of K{z), we know that {K'^{z)\K'^, v) is an im- 
mediate extension. From the previous lemma we infer that dist [y, K^) = 
dist {y, K). Therefore, z y implies that z ^j^h y. From Lemma r2.22l 
we obtain that f{z) fiy), whence f{z) f{y)- D 

If a G vK and A is a cut in vK, then a + A:= {a + , a + A^). 
Since addition of a is an order preserving isomorphism of vK, this is 
again a cut. The proof of the following lemma is straightforward: 



Lemma 2.25. For every c G K, 

A^{z + c,K) = A^{z,K) and 
A^{cz,K) = vc + A^{z,K) and 

z y =^ 
a A z y =^ 



dist{z + c,K) = dist{z,K) , 
dist(c2;, i^) = t>c + dist(cz, i^) , 

Z + C r^K y + C, 

cz cy . 



2.4. Properties of Artin-Schreier extensions. In this section, we 
collect a few facts about Artin-Schreier extensions of valued fields. 
Throughout this section, we assume that K{i))\K is an Artin-Schreier 
extension of degree p with — d = a & K. 

Lemma 2.26. If chai K = p, then d' is another Artin-Schreier gener- 
ator of L\K if and only if d' = id + c for some i G {1, . . . ,p — 1} and 
ceK. 

Proof. If i), d' are roots of the same polynomial — X — a, then 
-(9 — -(9' is a root of X^ — X, whose roots are 0, 1, ... ,p — 1 G ¥p. 
Hence, i),^) -\- 1, . . . ,i) -\- p — 1 are all roots of X^ — X — a. Pick a 
non-trivial a G GalL\K. We then have that ad — d = j for some 
j G Fp . If d, d' are any two Artin-Schreier generators oi L\K such that 
ad — d = ad' — d', then we have a{d — d') = d — d'. Since a is a 
generator of GalL\K ~ Z/pZ, it follows that T(d — d') = d — d' for all 
r G Ga\L\K, that is, d — d' & K. If d^d' are any two Artin-Schreier 
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generators of L\K such that a-d — 'd = j & ¥p and a-t}' — d' = j' G , 
then there is some i G {1, ... ,p — 1} such that ij = j' and therefore, 
ai^ — id = ij = j'. Then by what we have shown before, = i-t} + c 
for some c & K. 

Conversely, if d is an Artin-Schreier generator oi L\K and if i G 
{1, . . . and c G ir, then {id+cY -{id+c) = i{-dP-d)+cP-c G K. 

But id + c cannot he in K, so K{id + c) = L since [L : K] is a prime. 
This shows that also id + c is an Artin-Schreier generator of □ 

We will frequently use the following easy observation: 

Lemma 2.27. Ifva < 0, then vd = ^va, and if va > 0, then vd = va. 

Proof. We have that d^ — d = a. If vd 0, then vd^ = pvd ^ vd 
and therefore, va = v{dP — d) = min{pvd,vd} 7^ by the ultrametric 
triangle law. If fa = 0, we thus have vd = 0. For f a < we must have 
vd < 0, whence pvd < vd and va = pvd. For f a > we must have 
vd > 0, whence vd < pvd and va = vd. □ 

The following lemma gives a first classification of Artin-Schreier ex- 
tensions of valued fields. 

Lemma 2.28. Assume that chari^f = p. If va > or if va = and 

— X — av has a root in Kv, then d lies in the henselization of K 
(with respect to every extension of the valuation to the algebraic closure 
of K) and there are precisely p many distinct extensions of v from K 
to K{d); hence, equality holds in the fundamental inequality U.^) . 

If va = and X^ — X ~ av has no root in Kv, then K{d)v\Kv is a 
separable extension of degree p and {K{d)\K,v) is defectless. 

If {K{d)\K,v) has non-trivial defect, then va < 0. 

Proof. If va > 0, then the reduction of X^ — X — a modulo v is X^ — X 
which splits completely in Kv and has p many distinct roots since 
chari^f = p > 0. Then by Hensel's Lemma, X^ — X — a splits com- 
pletely in every henselization of K. 

If fa = and X^ ~ X — av has a root in Kv, then X^ — X — av 
splits completely in Kv and has p many distinct roots. Hence again, 
X^ — X — a splits completely in every henselization of K. 

In both cases, pick one extension of v to K{d) and call it again v. 
The roots of X^ — X — a are in one-to-one correspondence with the 
roots of X'P — X — av. Hence, the roots r]i, ... ,rip of X^ — X — a have 
distinct residues in Kv, say, cif , . . . , CpV with q G K. If (Xj is the 
automorphism of K{d)\K which sends t]i to rji , then f o (Ji{rii — Ci) = 
v{air]i - d) = v{r]i - q) > and v o aj{rji - q) = v{r]j - q) = for 
j ^ i. This shows that the extensions v o are distinct for I < i < p. 
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Since all extensions are conjugate and therefore must be of the form 
f o o"i , we find that there are precisely p many distinct extensions. 

If fa = and X'^ — X — av has no root in Kv, then [i^f (-i^f ) : Kv] = p 
since "t^v is a root of X^ — X — av and this polynomial is irreducible 
over Kv. We obtain that p = [K{^) : K] > [K{^)v : Kv] > [Kv{^v) : 
Kv] = p and see that equahty must hold everywhere. So K{'d)v = 
Kv{;dv) is a separable extension of Kv, and K{'d)\K is defectless. 

By what we have proved, K{d)\K is defectless whenever va > 0. 
This yields the last assertion of our lemma. □ 

If char K = p > 0, then the Artin-Schreier polynomial is additive. If 
is a root of X^ — X — a and if c G -ft", then 

{^-c)P - i^-c) = ^P-^-cP + c = a-cP + c, 

that is, — c is a root of the polynomial X'^ — X — (a — + c). 

Remark 2.29. Since Kli)) = K{'d — c), this shows that p-th powers 
appearing in a can be replaced by their p-th roots without changing 
the extension. This allows to deduce normal forms for a that serve 
various purposes. They are key tools in [Ku4] and [Ku8] and in related 
work of S. Abhyankar and H. Epp. 

Corollary 2.30. Assume that chai K = p and that {K{i))\K,v) has 
non-trivial defect. Then v{d—c) < for every c & K, and consequently, 
dist{^,K) < 0". 

Proof. If there exists c E K such that f (-(9 — c) > 0, then — c is a 
root of the polynomial X^ — X — [a — + c) and by Lemma 12.271 we 
have v{a — + c) = v{i) — c) > 0. But then by Lemma [2.28[ the field 
K{'d) = K{'d — c) cannot be a defect extension of K. □ 

The converse is also true, in the following sense: 

Lemma 2.31. Assume that chai K = p. //dist('i9, K) < 0^ and v{d — 

K) has no maximal element, then the extension of v from K to K{d) 
is unique, {K{'d)\K,v) is immediate and consequently, K{;d)\K is an 
Artin-Schreier defect extension. 

Proof. In [Ku7] we show that the assumption that (\isi{d,K) < 0^ 
implies that the extension of v from K to K{d) is unique. Since v{'d — 
K) has no maximal element. Lemma 12.211 yields that {K{d)\K.,v) is 
immediate. □ 

We will also need the following fact: 
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Lemma 2.32. Let K he an Artin-Schreier closed field of characteristic 
p > 0. Then also every purely inseparable extension of K is Artin- 
Schreier closed. 

Proof. If char = then every purely inseparable extension is trivial 
and there is nothing to show. So let chari^' = p > 0. Assume L to 
be a purely inseparable extension of the Artin-Schreier closed field K. 
Take a & L and let "i? G L be a root of — X — a. Let m > 
be the minimal integer such that a^™ G K. Then {^^"'Y ~ "^^"^ = 
^^p _ = flP™. Since K is Artin-Schreier closed by assumption, it 
follows that ^9^™ G K. The field contains a = -d'^ — d and thus, 

: i^] > [K(a) : K] = p*". On the other hand, > [K{^) : iT] 
since ■(9^'" G K. Consequently, [^^(1?) : K] = [K{a) : K], showing that 
^ G ir(a) C L. □ 

3. Inseparably defectless fields 

In this section, we shall give a characterization of inseparably defect- 
less fields. Throughout, we assume that char if = p. Recall that every 
purely inseparable algebraic extension admits a unique extension of the 
valuation. Every defectless field and in particular every trivially valued 
field is inseparably defectless. Note that a valued field can be insep- 
arably maximal, that is, it does not admit proper immediate purely 
inseparable extensions, without being inseparably defectless. The field 
{F,v) of Example 3.25 in [Ku5] is of this kind. 

Let us observe that for an inseparably defectless field {K,v), every 
immediate extension is separable. Indeed, it follows from Lemma 12.51 
that every immediate extension of {K, v) is linearly disjoint from the 
defectless extension {K^^p°°\K,v). In the literature, one can find the 
expression "excellent" for those fields for which all immediate exten- 
sions are separable (cf. [DELI], Definition 1.41). But there are also 
other properties of certain valuation rings for which this expression is 
used. 

By definition, {K, v) is an inseparably defectless field if and only if 
the extension {K^^p°°\K,v) is defectless. For this to hold, it is already 
sufficient that {K^/p\K, v) is defectless: 

Lemma 3.1. The field {K,v) is inseparably defectless if and only if 
(^K^/p\K,v) is defectless, and this holds if and only if {K\Kp,v) is de- 
fectless. 

Proof. The first implication is trivial. Assume that {K^^p\K,v) is 
defectless. The Frobenius endomorphism sends the extension 
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onto the extension {K^^p\K,v) and is valuation preserving. Conse- 
quently, also the former extension is defectless. By induction, we find 
that (iri/P^li^i/P'"" ,v) is defectless for every m > 1. By a repeated 
application of Lemma [231 also (K^^^'^^lK^v) is defectless. Since every 
finite subextension of K^^p°°\K is already contained in K^/p"" for some 
m, it follows that {K^/p'^\K,v) is defectless. 

The second equivalence is proved again by use of the Frobenius en- 
domorphism. □ 

Lemma 3.2. The field {K,v) is inseparably defectless if and only if 
for every finite (possibly trivial) subextension L\K^ of K\K^ and every 
subextension L{b)\L of K\L of degreep, the set v{b — L) has a maximal 
element. 

Proof. By the previous lemma, {K, v) is inseparably defectless if and 
only if every finite subextension {F\Kp,v) of {K\Kp,v) is defectless. 
But F\K is a tower of purely inseparable extensions of degree p = 
char if, so the latter holds if and only if each extension in the tower 
is defectless. So by a repeated application of Lemma 12.11 we see that 
{K, v) is inseparably defectless if and only if for every finite subexten- 
sion L\KP of K\KP and every subextension L{b)\L of K\L of degree 
p, the extension {L{b)\L,v) is defectless. The latter is equivalent to 
v{b — L) having a maximal element. Indeed, if {L{b)\L,v) is a defect 
extension, then it is immediate and by Theorem I2.19[ v{b — L) has no 
maximal element. The converse holds by part 1) of Lemma [2 . 2 1 1 since 
the extension of v from L to L{b) is unique. □ 

Now we are able to give the 

Proof of Theorem II. 3t The first assertion is an easy consequence 
of the last lemma. Given L and b as in that lemma, we take 6i . . . , 6„ 
to be a ifP-basis of L. Then c G L if and only if c = Yl^=i for some 
Ci, . . . ,Cn & K. Hence, v{b — L) has a maximum if and only if {K, v) is 
if-extremal with respect to the polynomial flLSp . 

To prove the second assertion of Theorem II. 3[ we assume that vK 
is divisible or a Z-group. The same is then true for vK^ and for vL 
for every L as in the previous lemma. Further, we note that in the 
previous lemma, we can restrict the scope to all b & O. As well, we 
can restrict the scope to all defectless extensions {L\Kp,v). So we 
can choose 6i, . . . ,6„ to be a valuation basis of {L\K^,v). If vK^ is 
divisible, then vL = vK^ and we can assume in addition that vbi = 
. . . = vbn = 0. If vRP is a Z-group with least positive element a, 
then we can assume in addition that for 1 < i < n, vbi = for 
some ii G {0, . . . ,p"^ — 1}, with m > fixed; so < vbi < Now 
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it remains to show that v{h — L) has a maximal element if and only if 
{K,v) is O-extremal with respect to the polynomial fll.Sp . We observe 
that < - 0) G v{h - L). Take c G L such that v{h - c) > 0. We 
write c = X^ILi ^^'^ with ci, . . . , c„ G ii'. It follows that 

n 

< f c = f > 6jcf = mint>6jcf . 

i=l 

Hence for 1 < i < vhi + fcf > 0, and by our assumptions on the 
values vbi, this implies that fcf > and hence q G O. This shows 
that the image of under the polynomial (11.51) is a final segment of 
v{h — L), hence one of the sets has a maximal element if and only if 
the other has. □ 

Corollary 3.3. Every extremal field with value group a divisible or a 
Tj-group is inseparably defectless. 

Corollary 3.4. The property "inseparably defectless" is elementary in 
the language of valued fields. 

Proof. The property can be axiomatized by an infinite scheme of axioms 
where n runs through all powers of p. Each of the axioms quantifies 
over all 6 G -ft' and all bases of finite extensions of K^. The latter is done 
by quantifying over all choices of G K such that the elements 

al^ ■ . . . ■ al" , < Ci < p are linearly independent over (which can be 
expressed by an elementary sentence). Also the additional conditions 
concerning the values of these elements and that they form a valuation 
basis are elementary in the language of valued fields. □ 

For a valued field of finite p-degree, one knows several properties 
which are equivalent to "inseparably defectless". The following theo- 
rem is due to F. Delon [Dl]: 

Theorem 3.5. Let K be a field of characteristic p > and finite p- 
degree [K : K^]. Then for the valued field {K, v), the property of being 
inseparably defectless is equivalent to each of the following properties: 

a) [K : KP] = (vK : pvK)[Kv : Kv^], i.e., {K\Kp,v) is a defectless 
extension 

b) {K^^P\K,v) is a defectless extension 

c) every immediate extension of {K, v) is separable 

d) there is a separable maximal immediate extension of {K,v). 

Proof. The equivalence of "(-ft', v) inseparably defectless" with proper- 
ties a) and b) follows readily from Lemma 13. 1[ By Lemma 12.51 every 
immediate extension of an inseparably defectless field is linearly disjoint 
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from K^'P°°\K, i.e., it is separable. This proves that "(-ft', v) inseparably 
defectless" implies property c). Since every valued field admits a max- 
imal immediate extension (cf. [Kr] and [G]), it follows that property c) 
implies property d). 

It now suffices to show that property d) implies property a). Let 
(L, v) be a separable maximal immediate extension of (i^, v). The sepa- 
rability implies that [L : = [L^/p : L] > [L.K^/p : L] = [K^'p : K] = 
[K : RP]. On the other hand, we have that vL = vK and Lv = Kv. 
Since (L, v) is a maximal immediate extension, it is a maximal field. 
Since every maximal field is a defectless field (cf. [W], Theorem 31.21), 
the extension (L^/^|L,t>) is defectless, and by Lemma [3A] we conclude 
that also {L\Lp,v) is defectless. Since {vL : pvL) = {vK : pvK) and 
[Lv : LvP] = [Kv : KvP] are finite (as [K : Rp] is finite), it follows that 
[L : LP] is finite and equal to {vL : pvL)[Lv : LvP]. Consequently, 

[L : LP] = {vL : pvL)[Lv : LvP] = {vK : pvK)[Kv : KvP] 
< [K : RP] < [L : LP] . 

Thus, equality holds everywhere, showing that a) holds. □ 
From the proof, we also obtain: 

Corollary 3.6. A given maximal immediate extension of a valued field 
{K, v) has the same p-degree as K if and only if{K, v) is an inseparably 
defectless field. 

The very useful upward direction of the following lemma was also 
stated by F. Delon ([Dl], Proposition 1.44): 

Lemma 3.7. Let {L\K,v) be a finite extension of valued fields. Then 
{K, v) is inseparably defectless and of finite p-degree if and only if {L, v) 
is. 

Proof. The p-degree of a field does not change under finite extensions. 
Assume that one and hence both fields have finite p-degree. Since 
[L : K] is finite, also {vL : vK) and [Lv : Kv] are finite. Hence, also 
the p-degree of Lv is equal to that of Kv. The same can be shown for 
ordered abelian groups: {vL : pvL) = {vK : pvK) (the details are left 
to the reader). It follows that [K : Kp] = {vK : pvK)[Kv : KvP] if and 
only if [L : LP] = {vL : pvL) [Lv : LvP] , which by Theorem 13.51 means 
that (fC, v) is inseparably defectless if and only if (L, v) is. □ 

In Lemma 14.161 in Section 14.51 we will generalize the upward direction 
to the case of arbitrary p-degree. 
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4. Artin-Schreier defect extensions 

4.1. Classification of Artin-Schreier defect extensions. We will 

consider the following situation: 

• {L\K,v) an Artin-Schreier defect extension of valued fields of char- 
acteristic p > 0, 

• d & L\K an Artin-Schreier generator of L\K, 

• 5 = d\st{-d,K). 

Since {L\K, v) is immediate and non-trivial, we know that v{d — K) = 
A^(^9, K) has no maximal element and that 5 > vd (cf. Theorem 12. 19p . 
An element -i?' G L is another Artin-Schreier generator of L\K if and 
only if 

(4.1) §' = i§J^c with ceK and l<i<p-l. 

(cf. Lemma r2.26p . Consequently, using Lemma [2.251 we see that 5 is an 
invariant of the extension {L\K,v): 

Lemma 4.1. The distance 5 does not depend on the choice of the 
Artin-Schreier generator d. 

So we can call 5 the distance of the Artin-Schreier defect ex- 
tension {L\K^v). From Corollary 12.301 we know that 

5 < 0" . 

We will now distinguish two types of Artin-Schreier defect extensions. 
We will call {L\K, v) a dependent Artin-Schreier defect extension 
if there exists an immediate purely inseparable extension K{r])\K of 
degree p such that 

(4.2) V 

Otherwise, we will speak of an independent Artin-Schreier defect 
extension. For the definition and properties of the equivalence relation 
see Section 12.31 We will now show that independent Artin- 
Schreier defect extensions are characterized by idempotent distances 5. 
See Lemma [2. 141 for a bunch of different criteria which are all equivalent 
to "5 is idempotent". 

Proposition 4.2. In the situation as described above, the Artin-Schreier 
defect extension {L\K^v) is independent if and only if its distance 5 is 
idempotent: 

6 = p6 . 
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Proof. Assume that K{ri)\K is purely inseparable of degree p, that is, 
rjP & K \ RP. By definition, (14. 2p is equivalent to v{i) — rj) > 6. Since 
y(^^p — fjP'j = — riY = pv{'d — rj), this in turn is equivalent to 

v{^P - rf ) > p6 . 

Here, the left hand side is equal to v{{} + a — rj^) = vi^ — ijf — a)) which 
is a value in A'"(i?,ii') and hence is < 5. Consequently, if (14 ■2p holds 
with K{ri)\K a purely inseparable extension of degree p, then p5 < 6, 
that is, 6 is not idempotent. 

For the converse, assume that 6 is not idempotent. Since 6 < 0~, this 
implies that p6 < 6. Then there is c G -ft' such that p6 < v{i) — c) < 6. 
Choose 7] E K such that r/^ = a + c. Then v{i)^ — 7]^) = v{i} + 
a — rjP) = v^-d — c) > p6. Hence, — r]) > 6, and it follows that 
T] 1^- Consequently, r] ^ K, and we obtain that K{r])\K is a purely 
inseparable extension of degree p. Finally, we deduce from Lemma [2. 211 
that this extension is immediate. □ 

Corollary 4.3. // K admits no proper immediate purely inseparable 
extension, then K admits no dependent Artin-Schreier defect extension. 

□ 

The converse of this corollary is not true: every separable-algebraic- 
ally closed non-trivially valued field K of characteristic p > which is 
not algebraically closed is a counterexample. Indeed, its value group 
is divisible and its residue field is algebraically closed (see, e.g., [Ku2], 
Lemma 2.16) and hence, the proper purely inseparable extension K\K 
is immediate. But a closer look shows that the irreversibility comes 
only from immediate purely inseparable extensions which lie in the 
completion K'^ of K: 

Proposition 4.4. Assume that K admits an immediate purely insep- 
arable extension K{ri)\K of degree p such that t] ^ K'^, and set 

e := dist (?7, K) . 

Then K admits a dependent Artin-Schreier defect extension K{d)\K. 
More precisely, given any h G , then 

(4.3) {p — l)vh + vrj > pe 

if and only if there is an Artin-Schreier generator d such that — d = 
{rj/by and 

b 

vd = vrj — vb 
dist K) = dist (r/, K) - vb . 
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All Artin-Schreier defect extensions obtained in this way are dependent. 
Proof. Let -(9 be a root of the polynomial 

(4.4) xp - X - (^^y e K[X]. 

Assume that (14. 3 p holds. Then we have 

(4.5) (p — l)vb + vrj > pe > pvrj 

where the last inequality holds since e > vt] hj Theorem 12.191 This 
gives vb > VTj, showing that 

vnY<o. 



.b 

Hence by Lemma [2. 2 7[ 

(4.6) vi) = V — = vrj — vb . 

b 

Putting Y = bX we find that b^ is a root of the polynomial 

(4.7) YP - bP-^Y -r]P e K[Y] 
and thus satisfies 

r]P + m = riP + bP-^hd = {b^)P . 

Let c be an arbitrary element of K. By (14.61) . (14. 3 p and the definition 
of e, 

vbP'd = pvb+vrj — vb = {p—l)vb+vT]>pe > pv{r] — c) = v{riP — cP) 
which yields, using the ultrametric triangle inequality, 

v(ri — c) = —virf — cP) = - min{w(?7^ — c^) , vlf^} 
p p 

= -v{r]P + hP§ - cP) = -v{{b^)P - cP) = v{b§ - c) . 
p p 

By Lemma 12.171 this implies that bd which by Lemma 12.251 

implies that 

V 







From this, the assertion on the distance of i) follows by virtue of 
Lemma [2251 while the value v& has already been determined in (14. 6p . 
By Lemma 12.311 the extension of v from K to K{^) is unique and 
{K{'d)\K,v) is an Artin-Schreier defect extension. By definition, it is 
dependent. 

For the converse, assume that (14. 3 p does not hold, i.e., {p—l)vb+vri < 
pe. If V {^Y > 0, then by Lemma [2211 vd = v (f)^ = pv^ > f f and 
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we cannot have ~x ^. If v{^Y < 0, then again by Lemma 12.27^ 
(14. 6p holds, and so we have 

vlf^ = pvb + vf] — vb = {p — l)vb + VT] < pe . 

Therefore, and since A^{ri, K) has no last element, there is some c E K 
such that vVi} < pv{r] — c) = v{7]^ — But then, by the ultrametric 
triangle inequality, 

vin - c) > -vW§ = -v(r]P + = vibd - c) , 

p p 

which again shows that d \ cannot be true. □ 

The following proposition shows an even stronger independence prop- 
erty than what is expressed in the definition: 

Proposition 4.5. Let {L\K, v) he an independent Artin-Schreier defect 
extension, and take any element ( G L \ K. Then there exists no 
purely inseparable extension K{vi)\K such that ( V ■ -^'^ particular, 
it follows that 

(4.8) dist(C,K) = dist(C,ir^/^°°). 

Proof Since C G L \ K, [K{C) : K] = p = [K{^) : K] and therefore, 
there is a polynomial / G K[X] of degree smaller than p such that 

= /(C)- Suppose that there exists a purely inseparable extension 
K{r])\K such that C V- But then by Lemma [222 = /(C) 
f{ri) . Since also K{f{ri))\K is a purely inseparable extension, this is 
impossible since {L\K,v) is assumed to be independent. 

Equation (14. 8 p is deduced as follows. If it does not hold, then 
dist (C, K) < dist (C, K^/p°°) in view of K C K^/p" . But then by virtue 
of Lemma I2.18[ there would exist some r] G K^/p°° such that C V , 
which we have just shown not to be the case. □ 

4.2. Deformation of Artin-Schreier defect extensions. For the 

proof of Proposition 14. 4^ we have transformed an immediate purely in- 
separable extension into an immediate separable extension. This was 
done by changing the minimal polynomial — rj^ to the minimal 
polynomial (14.70 of b-t} through addition of the summand b^'^Y. The 
hypothesis on the value of b just means that it is large enough to guar- 
antee that b-t} V- For this hypothesis, it is necessary that t] is not 
contained in the completion of K. On the other hand, an immediate 
purely inseparable extension with a generator t] in the completion of 
K cannot be transformed into any immediate separable extension with 
a generator {} such that {} ~x V- Indeed, if ?7 G K'^ and rj ~x v'y 
then v{t] — t]') > vK, that is, rj = rj . Moreover, every henselian field 
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K is separable-algebraically closed in its completion (cf. [W], Theo- 
rem 32.19). 

The general idea of the transformation of the minimal polynomial 
can be expressed as follows: ii y ^ K'^ is a root of the polynomial 
/ G -ft'i^], then for a given polynomial g G a root z of g will 

satisfy y ~x z as soon as the coefficients of the polynomial f ~ g 
have large enough values. This follows in general from the principle of 
Continuity of Roots. But we wanted to give a self-contained proof for 
our special case, because it is particularly simple and explicit and leads 
to the following deformation theory. 

For any fixed a & K, we consider the following family of polynomials 
defined over K: 

(4.9) fa,b{Y) := - F-'Y - a , b e K"" . 

This family can be viewed as a deformation of the polynomial Y^ — a, 
with this polynomial as its limit for f6 — t- oo: 

YP-lf-^Y-a YP-a 
vb — > oo . 

But it is not necessarily true that the ramification theoretical properties 
are preserved in the limit, as Example 14.171 in Section Hl6] will show. 

Associated with this family through the transformation Y = bX is 
the family 

(4.10) g,,,{X) := X^-X-^, b e K\ 

where {}a,b is a root of ga,b if and only if bi!}a,b is a root of fa,b ■ 

We summarize the properties of these families in the following theo- 
rem: 

Theorem 4.6. a) If pvb > va, then the polynomial ga,b{X) induces 
a Artin-Schreier extension for which equality holds in the fundamental 
inequality U.^) : if pvb > va, then this extension lies in the henseliza- 
tion of K . 

b) Suppose that the polynomial Y^ — a induces an immediate extension 
which does not lie in the completion of K . Then for each b G of 
large enough value, the polynomial ga.b{X) induces a dependent Artin- 
Schreier defect extension; every root bda,b of fa,b{,X) will then satisfy 

"Large enough value" means that 

(4.11) {p - l)vb + — > pdist (a^/P, K) . 
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// this condition is violated, then b'da,b (^^^ does not hold. 

c) Suppose that a root ^a,i of the polynomial = — X — a 

satisfies 

(4.12) Vda,! > pdist{'da,uK) . 

Then the polynomial X^ — a induces an immediate extension which does 
not lie in the completion, and for every b in the valuation ring O of 
K and every root ^da^b of ga,b, K{;da,b)\K is a dependent Artin-Schreier 
defect extension with bda^ a^^"^ ■ If condition \J^.12^ is violated, then 
^a,i ~x o}/^ does not hold. 

Proof, a): Both assertions follow from Lemma [2.281 

b) : All assertions follow from Proposition 14.41 where rj = a^/^. 

c) : Assume that condition (14.121) holds. Then it follows from the 
second part of the proof of Proposition 14.21 where we set c = and 

= '&a,i , that the polynomial X^ — a induces an immediate extension 
which does not lie in the completion, and that da^i ~k a^^^- The latter 
implies that v^a,i = va^/P = ^ and that dist {'&a,i, K) = dist {a^/P, K); 
hence, it implies that (I4.12p is equivalent to 

(4.13) — > pdist {a^/P,K) . 

p 

Consequently, ( 14. lip will hold for every 6 G 0, so it follows from part b) 
that for every root {}a,b of ga,b, K{'da,b)\K is a dependent Artin-Schreier 
defect extension with b-da^b o}^^- 

The last assertion of part c) is seen as follows. We have shown that if 
^a,i a}''^ holds, then (1^12]) and fl413|) are equivalent. But if fHl3|) 
is violated, then by part b), da^i (^^^ cannot hold. □ 

Note that 

(4.14) pdist {a^lP, K) = dist (a, K^) . 

A deformation which at first sight seems to be different from the 
above has been used by B. Teissier in [T]. Starting from the Artin- 
Schreier polynomial X^ — X — a, we set X = aY and then divide the 
polynomial by a^, which leads to the polynomial 

YP - a^-PY - a^-P = YP - a^~P{l + Y) . 
Hence, 'ffP — = a if and only if for d = d/a, 



(4.15) 



dP -a^~P{l + d) = Q 
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We assume that va < 0. Then 'd'P — ■§ = a imphes that va = pv& < vd 
and therefore, 

vd = vd — va > . 

That is, 1 + t? is a 1-unit in O. Reducing this 1-unit to 1 deforms 
equation (14.15^ to 

d" - a^-P = , 

viewed as an equation in an associated graded ring. In fact, we have 
reduced equation (14.151) modulo the C-ideal 

a^-PdO = a-PdO = d^-P'O . 

Analyzing the above transformation, one sees that its advantage is 
that it leeds to equations with integral coefficients. However, if we 
multiply the polynomial — a^^^ by and then set X = aY, we 
obtain the polynomial — a. So we have just replaced the polynomial 
XP — X — a by X^ — a. From Theorem 14.61 together with ( I4.14p we 
see that this procedure preserves the valuation theoretical behaviour 
of the associated roots if and only if 

va > p dist (a, K^) . 

4.3. Fields without dependent Artin-Schreier defect extensions 

If K admits any immediate purely inseparable extension that does not 
lie in the completion K'^ of K, then K satisfies the hypothesis of Propo- 
sition To show this, suppose that f] e K^/P°°\K'' such that K{f])\K 
is an immediate extension. We may assume that f/^ G K'^ (otherwise, 
we replace f/ by a suitable p^-th. power). Since fj ^ K^, we have that 
A^(f/, K) is bounded from above in vK and A^(f/^, K^) = pA^{fj, K) is 
bounded from above in vK^ = pvK. On the other hand, since f/^ G K'^, 
there is some b & K such that v{fjP — b) > I\}"{rf,KP). We choose 
7] G K^fP such that rj^ = b. Then v{fi ~ f]) = ^v{'rf — b) > A^{fi,K), 
that is. 

By Lemma 12.211 this shows that K{r])\K is an immediate extension; 
since A^{ri,K) = A^{fj,K) ^ vK, it is not contained in K"^. We may 
now apply Proposition 14.41 to obtain: 

Corollary 4.7. Assume that K does not admit any dependent Artin- 
Schreier defect extension. Then every immediate purely inseparable 
extension lies in the completion of K. □ 

Lemma 4.8. If K is Artin-Schreier closed, then so is K'^. If K admits 
no dependent (or no independent) Artin-Schreier defect extension, then 
the same holds for K'^ . 
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Proof. Assume that K'^{'t})\K is an Artin-Schreier extension generated 
by a root i) of the polynomial — X — a over K'^. Since i} ^ K'^, we 
have that dist K'^) < oo. Since a G K'^, we may choose an element 
a E K such that v{a — a) > dist {-d, K'^) with v{a — a) > 0. Let be 
a root of the polynomial X^ — X — a E K[X]. By Lemma 12.271 the 
root — of the polynomial X^ — X — {a — d) has value v{i) — i)) = 
v{a - a) > dist K^) > dist K). Thus, dist (^9, fsT) = dist (^9, K) < 
dist ("i?, K'^) < oo, which shows that K{d)\K is non-trivial and hence an 
Artin-Schreier extension. This proves the first assertion of our lemma. 

Now assume that {K'^{d)\K.,v) is an Artin-Schreier defect extension. 
By Corollary EJO] we have that dist {'d.K") < 0". With ^ as before, 
we obtain that dist fC) = dist i^T) < 0". By Lemma [MH this 
shows that also {K{d)\K.,v) is an Artin-Schreier defect extension. The 
equality of the distances shows that K'^{;d)\K^ is independent if and 
only if is. □ 

An immediate consequence of this lemma and the preceding corollary 

is: 

Corollary 4.9. If K does not admit any dependent Artin-Schreier de- 
fect extension, then K'^ does not admit any proper immediate purely in- 
separable extension. In particular, this holds if K is separable-algebra- 
ically maximal. □ 

We can now give the 

Proof of Theorem II. lit Every Artin-Schreier closed non-trivially 
valued field K of characteristic p > has p-divisible value group and 
perfect residue field (cf. Corollary 2.17 of [Ku2]). Therefore, every 
purely inseparable extension of K is immediate. Hence by the last 
corollary, the perfect hull of K lies in the completion of K, i.e., K lies 
dense in its perfect hull. 

An alternative proof of this fact can be given in the following way. 
We represent the extension K^^p°°\K as an infinite tower of purely 
inseparable extensions i^^+ili^^ {fi < u where i> is some ordinal). Then 
we only have to show that {K^^i,v) lies in {Kfj^,vY for every < z/. 
In view of Proposition 14. 4[ it suffices to show that is Artin-Schreier 
closed. But this holds by Lemma I2.32[ 

Since K'^ has the same value group and the same residue field as K, 
also every purely inseparable extension of K"^ is immediate. By the 
preceding corollary, this yields that K'^ must be perfect. □ 
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4.4. Persistence results. Another property of independent Artin- 
Schreier defect extensions is their persistence in maximal immediate 
extensions, in the following sense: 

Lemma 4.10. If K admits an independent Artin-Schreier defect exten- 
sion {K{'d)\K,v) with Artin-Schreier generator of distance 6 = 0~ , 
then every algebraically maximal immediate extension (and in particu- 
lar, every maximal immediate extension ) M of K contains also an in- 
dependent Artin-Schreier defect extension of K with an Artin-Schreier 
generator d of distance 0~ such that d 

Proof. If -(9 G M, there is nothing to show. Assume that ^ ^ M. 
Then M{i))\M is also an Artin-Schreier extension with Artin-Schreier 
generator t?. Since M is algebraically maximal, Corollary 12.201 shows 
that there exists an element u & M satisfying 

v{d-u) > A^{^,M) . 

On the other hand, K ^ M implies 

Since vM = vK, this shows that v{{} — u) > 0. We put 

a„ := -u) = p{i^) - p{u) G M 

and note that vau > 0. Since M|i^ is immediate, there exists b E K 
such that 

v{au -b) > v{au) > 
and vb = va^ > 0. Consequently, the polynomial — X — (a„ — 6) G 
M[X] admits a root d' in the henselian field M . But then, 

is a root of the polynomial — X — {p{'d) — 6) G -f^[X]. We compute: 

- ^) = p(^) - + u) = p(^) - (p(^) -b) = b. 

This shows v{d — "(9) > 0, whence d ~x In particular, this shows 
that i) ^ K so that K{i))\K is non-trivial and hence an Artin-Schreier 
extension. By Lemma [2. 3 ![ the extension of v from K to K['d) is unique 
and K{d)\K is an Artin-Schreier defect extension. Finally, d 
implies that dist (■(?, K) = dist ("i?, K) = 0~ (Lemma l2.17p and therefore, 
K{'d)\K is an independent Artin-Schreier defect extension. □ 

From this lemma, we deduce the following: 

Corollary 4.11. // there exists a maximal immediate extension in 
which K is separable-algebraically closed, then K admits no indepen- 
dent Artin-Schreier defect extension of distance 0^ . 
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We will now consider independent Artin-Sclireier defect extensions 
{K{'d)\K,v) with Artin-Schreier generator of distance 6 < 0~ . In 
this case, Lemma 12.141 shows that 6 = H~ for some non-trivial convex 
subgroup H of vK. This means that v{'d — K) = A^('(9, K) is cofinal in 
(vK)^^ \ H. We denote by vs the coarsening of f on with respect 
to H. Then vsi^ - K) is cofinal in {^)<^ / H = {v^)<°. Thus, 
vsi'd — K) has no maximal element. Since the extension of v from K to 
K{i)) is unique, the same must hold for vs', cf. the proof of Lemma [2.41 
Now Lemma [2.211 shows that also {K{i))\K,vs) is an immediate Artin- 
Schreier extension. As its distance is 0~, it is covered by the case 
treated in Lemma 14.101 From this, we obtain: 

Lemma 4.12. Assume that for every coarsening w of v (including v 
itself), there exists a maximal immediate extension {Mw,w) of {K,w) 
such that K is separable- algebraically closed in M^. Then K admits 
no independent Artin-Schreier defect extensions. □ 

The condition of Lemma 14.121 is preserved under finite defectless 
extensions: 

Lemma 4.13. Assume that for every coarsening w of v (including v 
itself), Kq admits a maximal immediate extension {Nuj\Kq, w) such that 
Kq is relatively algebraically closed (or separable- algebraically closed) 
in N^. If the extension {K\Kq,v) is finite and defectless, then for 
every coarsening w of v (including v itself), {M^,w) = {N^.K,w) 
is a maximal immediate extension of {K, w) such that K is relatively 
algebraically closed (or separable- algebraically closed, respectively) in 

Proof. Since {K\Kq.,v) is defectless by hypothesis, the same is true 
for the extension {K\Kq,w) by Lemma YTM We note that {Kq^w) is 
henselian since it is assumed to be separable-algebraically closed in the 
henselian field {N^, w). So we may apply Lemma [2751 since {Nw\Ko, w) 
is immediate and {K\Kq^w) is defectless, {Nw.K\K,w) is immediate 
and is linearly disjoint from K over Kq. The latter shows that 
K is relatively algebraically closed (or separable-algebraically closed, 
respectively) in N^.K. On the other hand, {M^,w) = {N^.K,w) is a 
maximal field, being a finite extension of a maximal field. □ 

Proposition 4.14. If Kq is a separable-algebraically maximal field and 
K\Kq is a finite defectless extension, then K admits no independent 
Artin-Schreier defect extensions. 
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Proof. Let w be any coarsening of v. Since {Kq, v) is separable-algebra- 
ically maximal, the same is true for {Kq, w) since every finite separa- 
ble immediate extension of {Kq,w) would also be immediate for the 
finer valuation v. Now let {N^,w) be a maximal immediate exten- 
sion of {Kq,w). Since {Kq,w) is separable-algebraically maximal, it is 
separable-algebraically closed in N^. Hence, Kq satisfies the condition 
of Lemma I4.13[ So our proposition is a consequence of Lemma 14.131 
together with Lemma I4.12[ □ 

4.5. Generalization of Lemma 13.71 and proof of Theorem II. 2i 

For the generalization of Lemma [3. 7^ we will need the following result: 

Lemma 4.15. Let K G Ki G K2 be extensions of valued fields of 
characteristic p > such that Ki\K is finite and purely inseparable 
and K2\Ki is an independent Artin-Schreier defect extension. Then 
there exists an Artin-Schreier extension L\K such that K2 = Ki.L, 
and every such extension L\K is an independent Artin-Schreier defect 
extension. 

Proof. Let d be an Artin-Schreier generator of K2\Ki and choose v >1 
such that 

k{gk . 

Then 

p{{}^") = {p{{})r GK , 

hence 

K{^P")\K 

is an Artin-Schreier extension: it is non-trivial since K{d)\K is not 
purely inseparable. Comparing degrees, we see that K2 = Ki{d^") = 

Now let L\K be any such Artin-Schreier extension. Let be an 
Artin-Schreier generator of L\K and hence of K2\Ki too. Using = 
^9 + a with a G K, we compute 

(4.16) i^P'^ = ^ + a' where a' = a + ... + a^'^"' G K . 
Hence, 

dist {'dP\Ki) = dist {^,Ki) . 

Further, 

S := dist Ki) = p^'S = dist K{) 
since 5 is idempotent by hypothesis; 

dist ) < dist {'dP^K) < dist ir\Ki) 
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because K\ C K C Ki. Putting these three equations together, we 
find that equahty holds everywhere. In particular, 

dist Ki) = dist {^''\K) = dist K) , 

where the second equality again holds because of (14.161) . This shows 
that A^('i9, K) is cofinal in A^{d^ Ki). Since Ki{'t})\Ki is immediate, we 
know from Theorem 12.191 that A^('(9, Ki) = v{-t} — Ki) has no maximal 
element. Now we have that A^(i?, K) C v{'d — K) C v{'d — Ki) and that 
A}"{'d,K) is cofinal in v{'d — Ki)\ this yields that v{d — K) is cofinal 
in v{i) — Ki) and thus has no maximal element. Now Lemma 12.211 
shows that K{;d)\K is immediate. Since disti^^K) = dist (-(9, i^i) is 
idempotent, K{{})\K is independent. □ 

Lemma 4.16. Every finite extension of an inseparably defectless field 
of characteristic p > is again an inseparably defectless field. 

Proof. From Corollary 12.21 it follows that every finite purely insepara- 
ble extension of an inseparably defectless field is again an inseparably 
defectless field. Thus it remains to show the lemma in the case of a 
finite separable extension L of an inseparably defectless field K. We fix 
an extension of v to K^'^^ and consider the ramification fields K"^ and 
U of K and L with respect to that extension. By Proposition 12. 8[ we 
know that K is inseparably defectless if and only if K"^ is inseparably 
defectless, and the same holds for L and U. By Lemma \2.1\ we have 
U = L.K^, and therefore L^lK"^ is a finite separable extension. The 
same proposition shows that K^'^^lK^ is a p-extension, so L'^\K'^ is a 
tower of Artin-Schreier extensions (cf. Lemma [2T9|) . Hence, replacing K 
and L by their ramification fields, we may assume from the start that 
they are henselian and that L\K is a tower of Artin-Schreier extensions. 
Now it suffices to prove that L is inseparably defectless under the addi- 
tional assumption that L\K itself is an Artin-Schreier extension since 
then, our assertion will follow by induction. Since 
it suffices to show for every finite purely inseparable extension Ki\K 
(which itself is defectless by hypothesis), that K2 = Ki.L is a defectless 
extension of L. This follows immediately if K2\Ki and thus K2\K are 
defectless. Now assume that K2\Ki is immediate. Note that Ki is an 
inseparably defectless field, being a finite purely inseparable extension 
of the inseparably defectless field K. In particular, this yields that Ki 
admits no immediate purely inseparable extension and hence by virtue 
of Proposition 14. 2[ no dependent Artin-Schreier defect extension. The 
immediate Artin-Schreier extension K2\Ki is thus independent. An ap- 
plication of Lemma [4. 151 now shows that Lli^' is immediate. But then. 
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it follows already from Corollary 12.51 that K2\L is defectless. Hence we 
have proved that L is an inseparably defectless field. □ 

In both of the preceding lemmas, the finiteness conditions cannot be 
dropped, as Examples 14.171 and 14.201 in the next section will show. 

We are now able to give the 
Proof of Theorem II. 2t 

Assume that the valued field K of characteristic p > is separable- 
algebraically maximal and inseparably defectless. We note that K is 
henselian since it is separable- algebraically maximal. Let {L\K,v) be 
a finite extension. We want to show that it is defectless. Since any 
subextension of a defectless extension is defectless too, we may assume 
w.l.o.g. that L\K is normal. Hence there exists an intermediate field 
Ki such that L\Ki is separable and Ki\K is purely inseparable. By 
hypothesis, we know that Ki\K is defectless. It remains to prove that 
L\Ki is defectless. 

Using Lemma 12. 9[ choose a finite tame extension N of Ki such that 
L.N\N is a tower of Artin-Schreier extensions. By Proposition 12. 8[ 
L\Ki is defectless if and only if L.N\N is defectless. Since Ki\K is de- 
fectless and N\Ki is tame and hence defectless, both extensions being 
finite, N\K is finite and defectless. Using Lemma [4. 161 we conclude that 
N is inseparably defectless too and therefore does not admit immedi- 
ate purely inseparable extensions. By Corollary 14. 3^ this shows that 
every immediate Artin-Schreier extension of the henselian field must 
be independent. Moreover, from Proposition 14. 141 we infer that A^ does 
not admit independent Artin-Schreier defect extensions. Consequently, 
given an Artin-Schreier extension L'\N contained in L.A^|A^, this exten- 
sion must be defectless. In view of Lemma 14.161 and Proposition I4.14[ 
L' will again be inseparably defectless and will not admit any indepen- 
dent Artin-Schreier defect extension. By induction, we conclude that 
all Artin-Schreier extensions in the tower L.A^|A^ are defectless, hence 
L.A^|A^ and thus L\Ki and L\K are defectless, as asserted. 

Conversely, every defectless field is immediately seen to be separable- 
algebraically maximal and inseparably defectless. □ 

4.6. Examples. 

Example 4.17. (for an independent Artin-Schreier defect ex- 
tension with distance 0^): Let k be an algebraically closed field of 
characteristic p > 0, and K = k{ty^P°° the perfect hull of the rational 
function field k{t). Further, let v = Vt he the unique extension of the 



42 



FRANZ- VIKTOR KUHLMANN 



t-adic valuation from k{t) to K; we write vt = 1. Note that vK is 
p-divisible and Kv = k is algebraically closed. 

We consider the Artin Schreier extension Lq = k{t,d) of k{t) gener- 
ated by a root d of the polynomial 

X 'P - X -- . 

t 

As vd = —l/p ^ Z = vk(t), we see that [Lq : k(t)] = p = {vLq : 
vk{t)). Thus, the extension of v from k{t) to Lq is unique. Further, the 
extension of v from Lq to its perfect hull is unique. But the latter is 
equal to Lq.K, so we find that the extension of v from K to L := Lq.K 
is unique. On the other hand, the extension L\K is immediate since vK 
is j9-divisible and Kv = k is algebraically closed. Therefore, L\K is an 
Artin-Schreier defect extension. Since K is perfect, it is independent 
by definition. 



For 



we have 



n 

Y — 



V _ _ 1 _ ^ 



whence 

By Lemma 12.271 this yields 

f (-(9 — a„) = - V 



1 /I 



t \t tP' J tP 



Since this increases with n, we see that {an)nen is a pseudo Cauchy 
sequence with limit "i?. By Corollary I2.30[ dist ("i?, ii') < 0~. On the 

other hand, the values v{i) — an) are cofinal in vK . Therefore, 

dist K) = Q- . 

This example shows that the condition in Lemma [4. 151 that Ki\K he 
finite cannot be dropped. Indeed, it is known that {k(t),Vt) is a defect- 
less field (for instance, this is a consequence of the Generalized Stability 
Theorem, cf. [Ku4]). So it does not admit any Artin-Schreier defect 
extension. But the infinite extension K of k{t) admits an independent 
Artin-Schreier defect extension. 
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The example also shows that ramification theoretical properties of a 
polynomial are not necessarily preserved in the limit. As above, one 
shows that for every n e N, a root of the polynomial 

1 



X^-X- 



generates a non-trivial immediate extension of K. The same is true for 
a root of the polynomial 

yP _ fn{p-l)Y _ 1 
t ' 

Under n — >■ oo (which implies vt'^^~^^ — >■ oo), the limit of this polyno- 
mial is 

yp _ 1 
t ' 

But this polynomial does not induce a non-trivial extension of K since 
K is perfect. 

This example works even for non-algcbraically closed fields k. In 
[Ku2] we presented it with k = ¥p. Sec also [Ku5]. 

Example 4.18. (for an independent Artin-Schreier defect ex- 
tension with distance smaller than 0~): In the previous example, 
we may choose k such that it admits a non-trivial valuation v. Now we 
consider the valuation v' := v ov on L. As {L\K,v) is immediate and 
Lv = k = Kv, it follows that also {L\K,v') is immediate. The value 
group vk is canonically isomorphic to a non-trivial convex subgroup H 
of v'L (such that v'L/H ~ vL). If there would exist some c E K and 
an element /3 e H such that v'{'& — c) > /3, then v{'& — c) > which 
is impossible. On the other hand, the values v'(i? — a„) are cofinal in 
{a e v'K \ a < H} since the values v{i!} cofinal in vK"^ . 

This shows that the distance dist {d^ K) with respect to v' is the cut 

H- = {{a ev^ \a < H} , {a ev^ \3/3 e H : /3 <a}) 
which is smaller than 0~ since H is non-trivial. 

Example 4.19. (for a dependent Artin-Schreier defect exten- 
sion): With k(t) as before, wc take Kq to be the separable-algebraic 
closure of k{t), with any extension Vt of the t-adic valuation of k{t). 
Being separable-algebraically closed, Kq does in particular not admit 
any Artin-Schreier extension. But we can build a field admitting a 
dependent Artin-Schreier defect extension by taking K = Ko{x) and 
endowing it with the (unique) extension v of Vt such that vx > vKq. 
(This means that K has the x-adic valuation Vx with residue field 
Kq, and V — o Vf is the composition of with Vt .) We take 
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any r] & Kq\ Kq. Since r] lies in the completion of {Ko,v) by The- 
orem [TTTT1 we have A^(r], Kq) = VtKo = vKq . It follows that A^(r;, K) 
is the least initial segment of vK containing vKq. That is, the cut 
dist K) is the cut {vKq)^ induced in vK by the upper edge of 
the convex subgroup vKq of vK. In particular, 77 does not lie in 
the completion of {K,v). Now Proposition 14.41 shows that K ad- 
mits a dependent Artin-Schreier defect extension. According to this 
proposition, it can for instance be generated by a root d of the poly- 
nomial — X — {rj/xy, as vx > dist {r],K) = p dist {ri,K). Then 
dist {{}, K) = dist {rj, K) — vx = {vKq)^ — vx = {—vx + vKq)^ is the 
cut induced by the upper edge of the coset —vx + vKq in vK. Note 
that in vK, which is the lexicographic product Zvx x vKq , the cut 
{—vx + vKq)~^ is equal to the cut vKq induced by the lower edge of 
the convex subgroup vKq of vK. Nevertheless, the cut dist {^, K) in 
vK is not equal to H~ or for any convex subgroup H of vK or of 
vK (cf. Example 12.151 in Section 1?^ . 



Enlarging the rank of the valuation in order to obtain a dependent 
Artin-Schreier defect extension may appear to be a dirty trick. There- 
fore, we add a further example which shows that such extensions can 
also appear for valuations of rank one. 



Example 4.20. (for a dependent Artin-Schreier defect exten- 
sion in rank 1): With {k{t),v) as before, we take Oi to be a root of 
the Artin-Schreier polynomial — X — 1/t. Then vai = —1/p < 0. 
By induction on i, we take Oj+i to be a root of the Artin-Schreier poly- 
nomial XP - X + ai, for all i G N. Then va^ = < 0. Note that 
t, Oi, . . . , ttj G k{ai^i) for every i, because = Oj+i — a^_^_l. We have 
1/p G vk{ai) \ vk{t). Since p < {vk{ai) : vk{t)) < [k{ai) : k{t)] < p, 
equality holds everywhere and we find that vk{ai) = ^vk{t). Repeating 
this argument by induction on i > 1, we obtain 1/p* G vk{a.i)\vk{ai-i) 
and thus, vk{ai) = ^vk{ai-i) = ^vk{t). Therefore, the value group of 

K := k{ai | z G N) is the p-divisible hull of Z (an ordered abelian 
group of rank 1). 

Finally, we choose 77 such that 7]^ = 1/t. Since vK is p-divisible 
and Kv = k is algebraically closed, the extension K{r])\K with the 
unique extension of the valuation v is immediate. We wish to determine 
dist {rj, K). We set Cj := ai + . . . + aj_i G k{ai_i) for i > 1. Using that 
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tti = J + ai and a^_^_^ = Oj+i — for i G N, we compute: 
= V"-] = {v-c^ + a^ + ... + ai_iy -J 

= iv- CiY + a? + . . . + af_i - i = (r/ - df + a^.i . 

It follows that v{rj — ciY = vai^i , that is, v{ri — Cj) = ^faj_i = f = 
— Hence, — G A^{ri,K) for all i. Assume that there is some 
c ^ K such that v{ri — c) > — for all i. Then f (c — q) = min{f (77 — 
Ci),v{r) — c)} = — for all i. On the other hand, there is some i such 
that c G /c(aj_i) and thus, c— Cj G /c(ai_i). But this contradicts the fact 
that v{c — Ci) = — ^ ffc(aj_i). This proves that the values — 
are cofinal in A^{ri, K). Hence, A^(r7, K) = vK'^^ and dist (77, iiT) = 0~. 

Now Proposition 113] shows that K admits a dependent Artin-Schreier 
defect extension. According to this proposition, it can for instance be 
generated by a root d of the polynomial — X — {rj/ty, as vt = 
1 > dist (r/, K) = pdist {r], K). Then dist (t?, iT) = dist (r/, K) - I = 

o--i = (-i)-. 

This example shows that the condition in Lemma [4.161 that the ex- 
tension be finite cannot be dropped. Indeed, as we have noted in 
Example I4.17[ {k{t),vt) is a defectless and hence inseparably defect- 
less field. But the infinite extension K of k{t) is not an inseparably 
defectless field. 

Example 4.21. (for a field having a dependent but no indepen- 
dent Artin-Schreier defect extension): We do not know whether 
the field K of the last example admits any independent Artin-Schreier 
defect extension; this an open problem. But in any case, we can 
construct from it a field which has a dependent but no independent 
Artin-Schreier defect extension. Indeed, by Zorn's Lemma there is an 
extension field of K within its algebraic closure not admitting any in- 
dependent Artin-Schreier defect extension; such an extension field can 
be found by a (possibly transfinitely) repeated extension by indepen- 
dent Artin-Schreier defect extensions. We choose such an extension 
field and call it L. Since it is a separable algebraic extension of K, 
the extension L{'r])\L is still non-trivial and purely inseparable, and by 
our hypothesis on the value group and residue field of K, it is also 
immediate. 

We wish to show that dist {ri,L) = dist {rj,K). Assume that this 
is not true. Then there is an element ( & L such that v{t] — () > 
dist {ri,K). We write L = [J^^i^K^^ where z/ is some ordinal, K^^i\K^ 
is an independent Artin-Schreier defect extension whenever < fi < u, 
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and K\ = |J/j<a -^m every limit ordinal X < u. Let /iq be the minimal 
ordinal for which K^^g contains such an element (. Then /io must be 
a successor ordinal, and we have that dist (r^, i^) = dist (r^, i^^g.i). 
Hence, v{ri — () > dist {rj, K^^^i), that is, ( ^x^q-i V- But this is 
a contradiction since by construction, Kf^^lKf^^^i is an independent 
Artin-Schreier defect extension. This proves that 

dist L) = dist (r/, K) = 0" . 

Now Corollary 14.91 shows that L admits a dependent Artin-Schreier 
defect extension L'\L. On the other hand, by construction it does not 
admit any independent Artin-Schreier defect extension. 

This example shows once more that Lemma [4. 151 becomes false if the 
finiteness condition is dropped. To see this, note that L' .L^^p°° \L^^p°° 
is still an Artin-Schreier defect extension, since L'\L is linearly disjoint 
from L^/^°°|L, t>L^/^°° is p-divisible and is algebraically closed, 

and the extension of v from L to L'.L^^p°° and thus also the extension 
of V from L^/P^ to L' .L^Ip°° is unique. On the other hand, L^/p°° ad- 
mits no purely inseparable extensions at all, so by Corollary 14. 3[ such 
an Artin-Schreier defect extension can only be independent. We have 
thus shown that L^Ip°° admits an independent Artin-Schreier defect 
extension whereas L does not. In view of Lemma [4. 15^ this is only pos- 
sible since is an infinite extension. In contrast to Example 14. 17^ 
here we have the case where the lower field is not defectless. 

Example 4.22. (for a field which is not relatively algebraically 
closed in any maximal immediate extension, but has no in- 
dependent Artin-Schreier defect extension): If we replace k[t) 
by its absolute ramification field hit)'' (with respect to an arbitray 
extension of v to the separable-algebraic closure of then the con- 
structions of Example 14.201 and 14.211 can be taken over literally. Since 
vk{ty' is divisible by every prime different from p, the value groups of 
K, L and L' will then be divisible. Since their residue fields are alge- 
braically closed and all fields are henselian, it follows that K, L and L' 
are equal to their ramification fields. 

Observe that now L' will be contained in every maximal immedi- 
ate extension of L. This is true because vL is divisible and Lv is 
algebraically closed, which implies that every maximal immediate ex- 
tension of L is algebraically closed. We have thus shown that L is 
not separable-algebraically closed in any of its maximal immediate ex- 
tensions, whereas it doesn't admit independent Artin-Schreier defect 
extensions. 
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Since L'\L is linearly disjoint from L'^\L, we may replace L by its 
completion L'^. By Lemma 14.81 L'^ still cannot admit independent 
Artin-Schreier defect extensions. As the completion of a henselian field 
is again henselian (cf. [W], Theorem 32.19) and is an immediate ex- 
tension, it follows that the completion of a field which is equal to its 
absolute ramification field has the same property. The same argument 
as before shows that again, L' .L'^ will be contained in every maximal 
immediate extension of L'^. Hence, L'^ is an example of a complete 
field, equal to its absolute ramification field, which is not relatively 
algebraically closed in any maximal immediate extension, but has no 
independent Artin-Schreier defect extension. 

5. Another characterization of defectless fields 

Theorem 5.1. Let {K,v) be a separably defectless field of characteris- 
tic p > 0. If in addition K'^\K is separable, then {K,v) is a defectless 
field. 

Proof. Assume that K'^\K is separable, but that {K, v) is not a defect- 
less field. We have to show that {K, v) is not separably defectless. Let 
f) be a finite defect extension of minimal degree of inseparabil- 
ity. If this extension is separable, then we are done. Suppose it is not. 
We wish to deduce a contradiction by constructing a defect extension 
of smaller degree of inseparability. Let E\K he the maximal separable 
subextension. By assumption, it is defectless, so the purely inseparable 
extension {F\E,v) must be a defect extension. Using the arguments 
of the proof of Theorem 11.31 (with K replaced by E), one shows that 
there exists a subextension L\E of F\E and an element rj G L^^'^ \ L 
such that the extension (L(?7)|L,f) is immediate. 

Since a finite extension of a complete field is again complete and 
since L'^ must contain both K"^ and L, we find that L'^ = L.K'^. To- 
gether with the fact that K'^\K is separable, this yields that also L'^|L is 
separable (see [L], Chapter X, $6, Corollary 4). It follows that rj ^ L'^. 
By an application of Proposition 14. 4[ we now obtain an immediate sep- 
arable extension {L{'d)\L,v). Altogether, we have constructed a defect 
extension {L{'d)\K,v) which has smaller degree of inseparability than 
{F\K,v). This is the desired contradiction. □ 

We use this theorem to show: 

Theorem 5.2. Let K be a henselian field of characteristic p > 0. Then 
K is a separably defectless field if and only if K'^ is a defectless field. 

Proof. Since K is henselian, the same holds for K'^ (cf. [W], Theo- 
rem 32.19). By virtue of the preceding Theorem, K'^ is a defectless 
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field if and only if it is a separably defectless field. Thus it suffices to 
prove that K*^ is a separably defectless field if and only if X is. 

Let L\K be an arbitrary finite separable extension. The hensclian 
field K is separable-algebraically closed in (cf. [W], Theorem 32.19). 
Consequently, every finite separable extension of K is linearly disjoint 
from K'^ over K, whence 

(5.1) [L.K" : K"] = [L:K]. 

On the other hand, L.K'^ = is the completion of L and thus an 
immediate extension of L. Consequently, 

{vL.K'' : vK") ■ \L.K% : K^v] = {vL" : vK") ■ [1% : K%] 

(5.2) - (vL : vK) ■ [Lv : Kv] . 

Assume that K'^ is a separably defectless field. Then L.K'^\K'^ is 
defectless, i.e., [L.K'' : K"] = {vL.K" : vK") ■ [LK^v : K^v]. Hence, 
[L : K] — {vL : vK) ■ [Lv : Kv], showing that L|i^ is defectless. Since 
L\K was an arbitrary finite separable extension, we have shown that 
K is a separably defectless field. 

Now assume that K'^ is not a separably defectless field. Then there 
exists a finite Galois extension L'\K'' with non-trivial defect. Take an 
irreducible polynomial / = + c„_iX"~^ + . . . + Cq G of which 

L' is the splitting field. For every a G vK there are . . . ,dQ E K 

such that v{ci — di) > a. If a is large enough, then by Theorem 32.20 
of [W], the splitting fields of / and 5 = X" + + . . . + do over 

the henselian field K'^ are the same. Consequently, if L denotes the 
splitting field of g over K, then L' — L.K'^ — L"^. We obtain 

[L:K] > [L.K" : K"] = [L' : K"] 

> {vL' : vK'')[L'v : K%] = {vL" : vK'')[L''v : K%] 
= {vL : vK)[Lv : Kv] . 

That is, the separable extension L\K is not defectless. Hence, K is not 
a separably defectless field. □ 

6. Algebraically and separable-algebraically maximal 

FIELDS 

6.1. Algebraically mciximal fields. We will now give a characteriza- 
tion of algebraically maximal fields which has been presented by F. De- 
Ion [Dl]. Wc need the following fact, which was proved by Yu. Ershov 
in [Erl] by a different method. Note that the proof in [Dl] has gaps 
since it is not immediately clear that if Y17=i '^h>^ increasing with i/, 
then there is an increasing cofinal subsequence of {ai^i,)u for some i. 
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Ershov solves this problem by invoking Ramsey theory. We will avoid 
this by further analyzing the valuation theoretical situation. 

Lemma 6.1. Let {K,v) be any valued field with valuation ring O, and 
f G K[X] a polynomial in one variable. 

1) If vim xif) has no maximum, then there is a pseudo Cauchy se- 
quence {c^)u<x of algebraic type in {K,v) without limit in K but ad- 
mitting a root of f as a limit, and such that {vf{ci,))i,<^\ is a strictly 
increasing cofinal sequence in vimxif)- 

2) If vim o{f) has no maximum, then there is a pseudo Cauchy se- 
quence {cu)iy<\ of algebraic type in O without limit in K but admitting 
a root of f as a limit, and such that (f /(c,^))i/<a is a strictly increasing 
cofinal sequence in vimo{f). 

Proof. 1): Wc choose a sequence (cj,)jy<A of elements in K such that the 
values vf{cy) arc strictly increasing and cofinal in vimxif)- We write 
/(X) = niLil"^ ~ "^i) with ai, . . . , On G and choose some extension 
of v to K. 

We introduce a symbol — oo and define — oo < a for all a G vK. Now 
we consider all balls B^{ai) = {a E K \ v{ai — a) > a} with center a 
root tti of f , 1 < i < n, and radius a in the finite set V := {f (a, — aj) \ 
l<i<j<n}LI {— oo}; note that B'^^{ai) = K. These are finitely 
many balls, with K one of them, so there is at least one among them 
with a maximal in which there lies some cofinal subsequence of {cjf)i,^\. 
After renaming our elements if necessary, we may assume that this ball 
is i?°(ai), that the subsequence is again called (cj^);/<a, and that exactly 
ai, . . . , {rn < n) are the roots of / which lie in i?°(ai). Then for 
every v < X and m < i < n, we have that 

v{ct,-ai) = min{v(ci, - ai),v{ai - Qi)} = v{ai - ai) . 

On the other hand, by the maximality of a we have the following: if I? 
contains elements > a (which is the case if 5° (ai) contains at least two 
roots of /) and if /3 is the least of these elements, then there is no cofinal 
subsequence of {c,^)i,<x which lies in any of the balls Bp{ai). This even 

remains true if we replace B'^{ai) by B/^^Oi) = {a G K \ v{ai — a) > /3}. 
Indeed, by our choice of /3 we have for 1 < i < m that Bp{ai) contains 
oi, . . . , and thus, c G Bfj^ai) implies f (c — Oj) > /3 for 1 < j < m. 
If in addition c does not lie in any B'^^aj), then v{c — Gj) = /3 for 
1 < J < m. Hence if a cofinal subsequence of {c^)i,<\ would lie in 
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Bpi^ai), then the value 

n n n 

vf{cu) = vY\_{cu-ai) = ^v{ci,-ai) = m(3 + ^ v{ai - ai) 

i=l i=l i=m+l 

would be fixed for all in this subsequence, a contradiction. 

After deleting elements from {ci,)y<\, we may thus assume that v{cv — 
di) < f3 < v{ai — ai) for all ly and 1 < i < m. It follows that v{cu — ai) = 
mm{v{ci, — ai),v{ai — = v{ci, — ai) for all u and 1 < i < m. Now 
we compute: 

n n 

vf{cu) = ^v{c^-ai) = mv{c^-ai) + ^ v{ai - ai) . 

i=l i=m+l 

If fi < u < \, then vf{c^) < vf\cy) and hence we must have v{c^—ai) < 
v{cy — ai). This shows that {cy)u^\ is a pseudo Cauchy sequence with 
limit Oi . 

Any limit a & K oi this sequence satisfies v{a — ai) > v{cy — ai) 
and hence also v{a — Oj) > min{f (a — ai), f (ai — Oj)} > v{cy — ai) for 
1 < i < m and all u. Thus, 

n n 

vf{a) = ^^t>(a — ttj) > mv{cu — ai) + v{ai — a^) = vf{cu) ■ 

1=1 i=m+l 

for all V. This shows that a cannot lie in K. Hence, {cv)v<:\ is a 
pseudo Cauchy sequence without limit in K, and by construction, it is 
of algebraic type. 

2): We proceed as in 1), but choose the sequence {cy)u<x in O such 
that the values vf{cu) are strictly increasing and cofinal in vima{f). 
We only have to note in addition that if a G iiT would be a limit of the 
sequence, than it would also lie in O. □ 

Corollary 6.2. Assume that {K,v) is not K-extremal with respect to 
the polynomial f{X) G i^[Ar]. Then for all c & K of large enough 
value, {K, v) is not O-extremal with respect to the polynomial f{c~^X). 
Hence, if {K,v) is O-extremal with respect to every polynomial in one 
variable, then {K,v) is K-extremal with respect to every polynomial in 
one variable. The same holds for "separable polynomial" in the place 
of "polynomial" . 

Proof. Take the pseudo Cauchy sequence (cy)y<A as in Lemma 16.11 
For large enough < A, the values of the with z/q < z/ < A are 
constant, say, a. For every c of value > —a, we have that cci, G O 
for z/q < z/ < A. Hence, {K,v) is not O-extremal with respect to the 
polynomial /(c~^X). □ 
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The first part of tlie following result was proved by Yu. Ershov in 
[Erl]: 

Proposition 6.3. A valued field is algebraically maximal if and only 
if it is henselian and K-extremal with respect to every polynomial in 
one variable. The same holds with "O-extremal" in the place of "K- 
extremal" . 

Proof. Suppose that [K., v) is henselian, but not algebraically maximal. 
Then there is a proper immediate algebraic extension L\K. Take a G 
L\K. By Theorem 1 of [Ka], there is a pseudo Cauchy sequence in K 
without limit in K, having a as a limit. Let / G K[X] be the minimal 
polynomial of a over K. Since K is henselian, the extension of v from 
K to K{a) is unique. Now it follows from Lemma [2.111 that vimxif) 
has no maximal element. That is, K is not ii"-extremal with respect 
to /. Hence by Corollary 16. 2[ K is also not (9-extremal with respect 
to every polynomial in one variable. 

For the converse, suppose that there is a polynomial / G K[X] 
such that vimxif) or vimaif) has no maximal element. Then by 
Lemma 16. H {K, v) admits a pseudo Cauchy sequence of algebraic type 
in [K, v) without limit in K. Now Theorem 3 of [Ka] shows that there 
is a proper immediate algebraic extension of {K,v), i.e., {K,v) is not 
algebraically maximal. □ 

Theorem 11.41 and its "i^-extremal" version follow from this proposi- 
tion once we have proved the following proposition: 

Proposition 6.4. If a valued field is K- or O-extremal with respect to 
every separable polynomial in one variable, then it is henselian. 

Proof. In view of Corollary 16.21 we only have to prove the assertion 
for "i^'-extremal" . Suppose that the valued field {K, v) with valuation 
ring O is not henselian. Then there is a polynomial / G 0[X] and an 
element b E O such that vf{b) > 2vf'{b), but / has no root in K. We 
take Kq to be a finitely generated subfield of K containing b and all 
coefficients of /, and Ki to be the relative algebraic closure of Kq in K. 
Then / has no root in Ki , which shows that Ki is not henselian. Since 
Ki has finite transcendence degree over its prime field, it has finite 
rank, which means that v\ki is a composition w = "^i o . . . o ti;. of 
valuations Vi with archimedean value groups. By a repeated application 
of Theorem 32.15 of [W], it follows that (i^i, f i) is not henselian or for 
some i < k and := Vio. . .ovi-i, (i^if Vi) is not henselian. In the first 
case, there is a monic separable and irreducible polynomial g E Ki [X] 
with f i-integral coefficients and a f i-integral element c G -ft'i such that 
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vig{c) > 2vig'{c), but g does not have a zero in Ki . It follows that 
vg{c) > 2vg'{c). 

In the second case, there is a monic separable and irreducible polyno- 
mial ^ G irif *[X] with fj-integral coefficients and a fj-integral element 
c e Kiv^ such that Vig{c) > 2vig'{c), but ^ does not have a zero in 
Kiv'^. We take some monic polynomial g e with v'- integral 

coefficients such that its v*-reduction is equal to g. Also, we pick a v'- 
integral element c G i^i whose w^-reduction is c. Then it follows that 
v^~^^g{c) > 2v^~^^g'{c), whence vg{c) > 2vg'[c). 

It is well known that if w is any valuation for which the polynomial g 
has u^-integral coefficients and wg{c) > 2wg'{c) holds, then a repeated 
application of the Newton algorithm 

._ _ 9{Cn) 

starting with cq = c, leads to a strictly increasing sequence of values 
wg{cri)\ this sequence is cofinal in the value group of w in case this value 
group is archimedean. Hence in the first case, we obtain a sequence 
of elements c„ G K\ such that the sequence v\g{cT^ is cofinal in V\K\ . 
This implies that if G -ft' is such that vg(d) is the maximum of 
v\m.K{^g) and H denotes the convex subgroup of vK generated by 
v\K\^ then vg{d) > H. Let vh be the coarsening oiv with respect to H. 
Then VHg{d) > 0, i.e., g{d)vH — 0. On the other hand, the reduction 
modulo Vh induces an isomorphism on Ki , and since g was chosen 
to be separable and irreducible, we thus have that g'{d)vH 7^ 0, i.e., 
Vng'id) = 0. But then by the Newton algorithm, if g{d) 7^ 0, then there 
is some d' E K such that VHg{d') > VHg{d) and hence, vg{d') > vg{d). 
This contradiction shows that g{d) =0. But this contradicts our choice 
of g. Hence, vim. K{g) does not have a maximum. 

In the second case, the Newton algorithm provides elements c„ such 
that the sequence fi^(c„) is cofinal in Vi{Kiv'') . We choose f*-integral 
elements c„ G Ki whose T;'-reductions are c„ . Then it follows that the 
values vg{cn) are cofinal in a convex subgroup H of vK which is the con- 
vex hull of the convex subgroup of vKi which corresponds to the coars- 
ening of ^Ixi • This implies that if d G is such that vg{d) is the 
maximum of vimx(fi'), then vg{d) > H. Let vh be the coarsening of 
V with respect to H. Then again, vug^d) > and g{d)vH — 0. On the 
other hand, the reduction of g modulo Vh is ^, so = g{d)vH = 'g{dvH)- 
Since 'g was chosen to be separable and irreducible, we thus have that 
g'{d)vH = g'idvn) 7^ 0, i.e., vng'^d) = 0. Arguing as in the first case, 
we show that vim xig) does not have a maximum. Hence we find that 
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K is not i^T-extremal with respect to every separable polynomial in one 
variable. □ 

The following are corollaries to Theorem 11.41 

Corollary 6.5. The property "algebraically maximal" is elementary in 
the language of valued fields. 

Corollary 6.6. Every extremal field is algebraically maximal. 

We will now give the 

Proof of Theorem 11.51 and its "i^"-extremal" version: 
In view of Theorem II. 4[ it suffices to prove that if if is a henselian 
but not algebraically maximal field, then there is a p-polynomial / in 
one variable with coefficients in K with respect to which K is not K- 
extremal. By Corollary 16.21 for suitable c & K., K is then also not 
(9-extremal with respect to the p-polynomial f{c~^X). 

Take a proper immediate algebraic extension of K. Since K is as- 
sumed henselian, it follows that this extension is purely wild and hence 
linearly disjoint over K from the absolute ramification field of K. 
We may assume that this extension is minimal, that is, it does not 
admit any proper subextension. Then by Theorem 13 of [Ku3], it is 
generated by a root of a p-polynomial /. As in the first part of the 
proof of Proposition 16.31 it follows that vimxif) has no maximal ele- 
ment, that is, K is not if -extremal with respect to the p-polynomial /. 
By Corollary 16.21 for suitable c G if , if is not (9-extremal with respect 
to the p-polynomial f{c~^X). □ 

6.2. Separable-algebraically maximal fields. The following is a 
further consequence of Proposition 14.41 

Corollary 6.7. Take a separable-algebraically maximal field (if, f). 
Every immediate algebraic extension of (if, v) is purely inseparable and 
lies in its completion. Every pseudo Cauchy sequence of algebraic type 
in (if, f) without limit in if has breadth {0}, and its unique limit in if 
is purely inseparable over if. 

Proof. Every immediate algebraic extension of if must be purely insep- 
arable since otherwise, it would contain a proper immediate separable- 
algebraic subextension. Since if in particular does not admit any de- 
pendent Artin-Schreier defect extensions, we thus obtain from Corol- 
lary U]7] that every immediate algebraic extension of if must lie in if^. 

Take a pseudo Cauchy sequence {cu)u<\ of algebraic type in (if, 
without limit in if. By Theorem 3 of [Ka], this pseudo Cauchy se- 
quence gives rise to a proper immediate algebraic extension of if, in 
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which it has a hmit. By what we have just shown, this extension is 
purely inseparable and lies in the completion of K. The latter shows 
that (Ci^)ty<A has breadth {0} and therefore has a unique limit in the 
algebraic closure of K. The former shows that this limit must be purely 
inseparable over K. □ 

The following result has been presented by F. Delon in [Dl]: 

Corollary 6.8. The completion of a separable-algebraically maximal 
field is algebraically maximal. 

Proof. Take any valued field {K, v) and suppose that K'^ admits a 
proper immediate algebraic extension. Then by Corollary 12.121 there 
is a pseudo Cauchy sequence {cu)u<\ of algebraic type in K'^ with- 
out limit in K"^. This must have non-trivial breadth, that is, there is 
some 7 e vK such that v{cu+i — c^) < 'j for all z/ (because otherwise. 
Theorem 3 of [Ka] would render a proper immediate extension of K'^ 
within K'^, which is absurd). Since Ci, G i^^, there is c* G -ft' such that 
f (cj, — c*) > 7 and hence v{cl^i —cl) = v{cu+i —0^) for all u. It follows 
that (c*)y<A is a pseudo Cauchy sequence in K without limit in K and 
with the same non-trivial breadth as {cu)u<x- 

Let / G be a polynomial such that for some < A, the 

sequence {v f (c^)) ^^^^x is strictly increasing. Such a polynomial must 
exist since by assumption, {c,y)u<\ is of algebraic type. Since {c^)u<x has 
non-trivial breadth, it follows from Lemma 8 of [Ka] that the sequence 
{yf{cy))^^y^x is bounded from above in vK. Hence, we can choose a 
polynomial /* G K[X] with coefficients so close to the corresponding 
coefficients of / that vf*{cu) = vf{cu) whenever n < u < \. This 
shows that also (c*),y<A is of algebraic type. Hence by the foregoing 
corollary, K cannot be separable-algebraically maximal. □ 

Now we give the 
Proof of Theorem 11.61 and its "/^-extremal" version: 
Assume that {K., v) is i^'-extremal or (9-extremal with respect to every 
separable polynomial in one variable. Then by Proposition 16. 4[ K is 
henselian. Suppose that {K, v) is not separable-algebraically maximal. 
Then there is a proper immediate separable-algebraic extension L\K. 
Take a & L \ K, and let / G K[X] be the minimal polynomial of a 
over K. By Theorem 1 of [Ka], there is a pseudo Cauchy sequence 
in K without limit in K, having a as a limit. Since K is henselian, 
the extension of v from K to K{a) is unique. Now it follows from 
Lemma [2. Ill that f imx(/) has no maximal element, that is, K is not 
ii'-extremal with respect to /. By Corollary 16. 2[ it follows that K is 
not (9-extremal with respect to the separable polynomial f{c^^X) for 
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some c G K. This contradicts our assumption that K is K-extremal or 
(9-extremal with respect to every separable polynomial in one variable. 
Hence, K is separable-algebraically maximal. 

For the converse, assume that {K, v) is separable-algebraically maxi- 
mal. Suppose that there is a separable polynomial / G K[X] such that 
vimxif) or vimQ{f) has no maximal element. Then by Lemma \6.1\ 
{K,v) admits a pseudo Cauchy sequence {c^)u<x of algebraic type in 
{K,v) without limit in K, but with a root a ^ K of / as a limit. By 
Corollary 16. 7[ a is purely inseparable over K. But this contradicts the 
fact that a is a root of a separable polynomial over K. Hence, K is K- 
extremal and (9-extremal with respect to every separable polynomial 
in one variable. □ 

Corollary 6.9. The property "separable-algebraically maximal" is el- 
ementary in the language of valued fields. 

We turn to the 

Proof of Theorem II. 7t The proof is the same as for Theorem 11.51 
except that the immediate algebraic extension of K can be taken to be 
separable, and hence the p-polynomial / is separable. □ 

Finally, we note that Theorem 11.81 has also been proved, as our 
above proof of Theorems II. 4[ II. 5[ 11.61 and 11.71 have all dealt simultane- 
ously with both K- and (9-extremality. 
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